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Introduction

In graph theory, the concepts of cuts and connectivity are extensively studied.
However, the problem of finding a cut, which partition the graph into components
that are connected in a prescribed way, has received comparatively little attention.
For some readers, the term connected cut might seem contradictory. One way to
understand this problem is to think of disconnecting a given graph in a controlled
manner meaning we want to separate the graph without breaking it into too many
connected components.

The applications can be found in divide-and-conquer algorithms, which parti-
tion the input in a controlled way and proceed on the smaller parts recursively.
In our case the input would be a graph.

This thesis focuses on such problems. We review existing results and introduce
a new problems where the goal is to find a cut that preserves the connectivity of
the resulting component(s). In particular, we study the MINIMUM k-CONNECTED
CUT problem. For this problem, we prove NP-completeness and propose a integer
linear programming formulation for it. Additionally, we demonstrate how a linear
relaxation of this program can be used to develop a bicriteria approximation
algorithm that achieves a constant-factor approximation of the minimum cut,
while allowing some violation in the size of the chosen subset S.

The structure of the thesis is as follows: Chapter [1| reviews the elementary
theory and notation, and formally states the connected cut problems. Chap-
ter [2 surveys results from the literature. Chapter [3] contains the proofs of NP-
completeness for the MINIMUM k-CONNECTED CUT WITH SOURCE and the
MINIMUM k-CONNECTED CUT problems. In Chapter 4] we introduce the inte-
ger linear programming formulation and describe the approximation algorithm.
Finally, Chapter |5 discusses the implementation details and presents results of
several experiments.

To enhance the clarity and readability of certain sections, Al-based language tools, namely
Perplexity All and |Claude Al, were employed to assist in rephrasing and smoothing the text.
All technical content and original meanings were carefully preserved throughout this process.


https://www.perplexity.ai/
https://claude.ai/

1 Preliminaries

In this chapter we introduce the theory and also state all the connected cut
problems. We follow a common notation, but for clarity we list the key terms.

1.1 Notation

For the readers which are not well established in graph theory we point them
to the well written book by Nesetiil and Matousek |19] which introduce all the
graph theory we work with.

In the text we mention parametrized algorithms and the term FPT, which is
an abbreviation for fixed-parameter tractable, and a graph parameter treewidth.
To learn more about such topics we advice the reader to check the book by Cygan
et al. [p].

We also use linear and integer programming. Readers not familiar with such
topics are advised to look into these books 23] 22, 16, 3].

We will always work with graph denoted as G = (V, F), where V' stands for the
set of vertices and E for the set of edges. The sizes will be denoted as n = |V| and
m = |E|. We consider undirected graphs unless stated otherwise, and we assume
that the graphs are connected. An undirected edge, with endpoints u,v € V| is
denoted as {u,v}.

For the set {1,2,...,¢} we use an abbreviation [¢] and, furthermore, we extend
such notation to the set {k,k + 1,..., ¢}, where k < ¢, which is denoted as [k, /].

For real numbers ¢, € R, where ¢ < r, we denote the interval {z € R | { <
x<r}as ({,r).

The partition of vertices V into ¢ € N parts is a set {Vi,Vs,..., V,} such that
U Vi=VandVi#£je[f]:Vin V; = . The partition itself is denoted as V.

A graph is connected if and only if all pairs of vertices have a path between
them.

An induced subgraph on vertices S C V' is a graph G' = (S, E’) where ' C FE
and {u,v} € ' < ue€ SAveS. We denote such graph as G[S]. We say
that S C V is connected if the induced subgraph G[S] is connected.

For a subset S C V, E(S,V \ S) is the set of edges having one end point in S
and the other in V' \ S. The size of such set will be denoted as e(S,V \ 5).

A cut is a partition of vertices into sets S C V and V' \ S. In the text we also
say that the set of edges E(S,V '\ S) is a cut. Easily seen from the definitions that
the terms are interchangeable, hence we do not make any significant difference
between them. We will assure that the term is always clear from the context.

1.2 Connected cut problems

In this section, we provide precise definitions for several connected cut problems.
These definitions extend well-known cut problems by incorporating additional
connectivity constraints

Firstly we use the problems were we want to partition the graph only to two
partitions.



1.2.1 Single commodity connected cuts

Similarly to single commodity cuts and flows in graph we present cuts, which
also have these properties, and on top of that we restrict the solution to be
connected.

Definition 1 (CONNECTED CUT). For a connected graph G = (V, E) a connected
cut is S C 'V, for which G[S] is connected.

Problem 1 (MINIMUM CONNECTED CUT). Minimum connected cut is to find a
connected cut minimizing e(S,V '\ S).

This problem is the least restricted. We create another problem which are
extended from this one.

Definition 2 (CONNECTED s-CUT). For a connected graph G = (V, E) and given
vertex s € V' a connected s-cut is S C 'V, for which G[S] is connected and s € S.

Problem 2 (MINIMUM CONNECTED s-CUT). Minimum connected s-cut is to find
a connected s-cut minimizing e(S,V \ S).

See that by solving this problem for all sources s € V' we would also solve the
previous Problem [I} One can already know that commonly used cut is defined for
two distinct vertices — source s € V and target ¢ € V. We could also use it in
our case and only extend the previous definition by saying that ¢ ¢ S.

Definition 3 (CONNECTED s —t CUT). For a connected graph G = (V, E) and
given two distinct vertices s,t € V' a connected s —t cut is S C 'V, for which all
following properties hold.

1. G[S] is connected.

2.seSandt ¢ S.

Problem 3 (MINIMUM CONNECTED s —t CUT). Minimum connected s —t cut
is to find a connected s —t cut minimizing e(S,V '\ S).

For all above stated problems we may also require to have G[V'\ S| connected.
Hence all of the previous problem could be extended with such constraint resulting
in problems (MINIMUM) BICONNECTED CUT, (MINIMUM) BICONNECTED s-CUT
and (MINIMUM) BICONNECTED s —t CUT respectively. Note that MINIMUM
BICONNECTED CUT and MINIMUM BICONNECTED s-CUT are same, because if
s ¢ S we set our new S’ =V \ S.

In the next Chapter [2] we discuss, how these problems could be solved by
known algorithms.

Let us now turn our attention to more complex problems known as multi-
commodity cuts and flows, which involve partitioning graphs into more than two
sets.



1.2.2 Multi-commodity connected cuts

In this section we state connected cut problems which are extended from
multi-commodity cuts.

Definition 4 (MULTI-WAY CONNECTED CUT WITH SOURCES). For a connected
graph G = (V, E) and pairwise distinct vertices si,Sa,...,s, €'V, for k € N, a
multi-way connected cut with sources is a partition V = {Vi, Vo, ..., Vi } of vertices
such that the following holds.

1. Vielk]:s; €V
2. Vi € [k] : G[Vi] is connected.

Problem 4 (MIN-SUM MULTI-WAY CONNECTED CUT WITH SOURCES). A min-
sum multi-way connected cut with sources is to find multi-way connected cut
minimizing the sum >, e(V;, V).

Problem 5 (MIN-MAX MULTI-WAY CONNECTED CUT WITH SOURCES). A min-
maz multi-way connected cut with sources is to find multi-way connected cut
minimizing max;cp e(V, V \ V).

Typically the problem of minimizing sum (in our case Problem {)) is usually
not as difficult as to minimize the maximum (Problem [f).

Definition 5 (FLEXIBLE MULTI-WAY CONNECTED CUT). For a connected graph
G = (V,E) and pairwise distinct vertices s1,Ss,...,8, € V, for k € N, the
partition ¥V = {Vi, Vo, ..., Vi}, for 1 <l <k, is a flexible multi-way connected cut
if 3{siy, Sigs -5 8i, ) C {s1,82,...,Sk} such that V is a multi-way connected cut

with sources s;,, Siy, - - -, Si, .-

Problem 6 (MIN-SUM FLEXIBLE MULTI-WAY CONNECTED CUT). A min-sum flex-

ible multi-way connected cut is to find flexible multi-way connected cut minimizing
the sum >, ; e(Vi, V;).

Problem 7 (MIN-MAX FLEXIBLE MULTI-WAY CONNECTED CUT). A min-maz
flexible multi-way connected cut with sources is to find flexible multi-way connected
cut minimizing max;cy e(Vi, V \ V;).

Now we present another problem which is similar to the previously mentioned
one, the only change is that we do not have predefined sources.

Definition 6 (MULTI-WAY CONNECTED CUT). For a connected graph G = (V, E)

and k € N a multi-way connected cut is partition V = {V1,Va, ..., Vi.} of vertices
such that Yi € [k] : G[Vi] is connected and Vi € [k] : V; # 0.

Problem 8 (MIN-SUM MULTI-WAY CONNECTED CUT). Min-sum multi-way
connected cut is to find a multi-way connected cut minimizing >, ; e(V;, V;).

Problem 9 (MIN-MAX MULTI-WAY CONNECTED CUT). Min-maz multi-way
connected cut is to find a multi-way connected cut minimizing max,.; e(V;, V \ V).



1.2.3 k-connected cut

We can even further increase the number of requirements. In this case to the
size of |S].

Definition 7 (k-CONNECTED CUT). For a connected graph G = (V, E) and k € N
a k-connected cut is S C V' such that all following properties hold.

1. G[S] is connected.
2. |S| =k.
Together with the objective function we obtain the following problem.

Problem 10 (MINIMUM k-CONENCTED CUT). Minimum k-connected cut is to
find k-connected cut minimizing e(S,V \ S).

Again we can define a problem, where we are given a dedicated source vertex.

Definition 8 (k-CONNECTED CUT WITH SOURCE). For a connected graph G =
(V,E), a vertex s € V and k € N a k-connected cut with sources is S CV such
that all following properties hold.

1. G[S] is connected.
2. 15| =k.
3. sef.

Problem 11 (MINIMUM k-CONENCTED CUT WITH SOURCE). Minimum k-
connected cut with source is to find k-connected cut with source minimizing

e(S,V\9).

From the algorithmic perspective, we see, that if we solve Problem [I1] then
by running the algorithm |[V| times we get a solution for the original Problem .
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2 Survey on connected cuts

In this chapter we review which connected cut problems have been studied,
and we mention the results already found in this field.

2.1 Minimum connected cut

A well known problem is to find a minimum cut of a graph G = (V, E), which
splits vertices into two sets S and V'\ S, where we also have two specified distinct
vertices - the source s € V' and the target t € V. The constraints are that s € .S
and t ¢ S so that we disconnect these two vertices. One of the well studied
algorithms which solves this problem is to find a maximum flow from s to ¢ and
then find all edges which have flow equal to its capacity. The details can be found
in the following book [1] and paper [9)].

Note that any optimal solution preserves the connectivity of both parts G|[S]
and G[V '\ S]. Consider the case where we have disconnected part S into multiple
connected components. Because we have a connected graph there must be an
edge from every connected component to the rest V' \ S, therefore if we put the
connected component not having s to V'\ S we decrease the size of the cut. For the
other case when we would have more connected components in the part V' \ .S we
would proceed with similar argument. We would like to emphasize the connectivity
property of G, because otherwise these arguments would not hold.

We mention a polyhedral descriptions stated by Garg [12] for the problem of
s — t cut, where the vertices of polyhedron correspond to solutions having s-part
connected, t-part connected and both parts connected. So that if we build an
algorithm using such description, we obtain a solution where the chosen part(s)
stay connected.

In this section we mention the problem of general minimum cut, that is we do
not have neither source nor target vertex and we want to minimize the cut which
disconnects the graph. This problem can be solved by Karger’s-Stein probabilistic
algorithm [14] which uses edge contractions. Here we can clearly see that the
contraction operations preserves connectivity for both parts. Alternatively this
problem could be solved by running the algorithm for s — ¢ cut problem multiple
times, more precisely for each pair (s,t) € (‘2/)

By using our definitions we can already solve all these problems: MINIMUM
CONNECTED CUT, MINIMUM CONNECTED s-CUT, MINIMUM CONNECTED s — t
CUT,MINIMUM BICONNECTED CUT, MINIMUM BICONNECTED s-CUT and MINI-
MUM BICONNECTED s — ¢ CUT.

2.2 Maximum connected cut

In some sense the opposite problem to the first one is to find a subset S C V
for which e(S,V \ S) is maximized, this is called MAXIMUM CUT problem. Even
without connectivity constraints this problem is known to be NP-complete as
shown by Karp [15]. On the other hand there exists an approximation algorithm
[13] with the factor 0.87856 using semidefinite programming.

11



There are two natural expansions for connectivity problems. Either we require
to have only G[S] connected or both parts G[S] and G[V'\ S] connected. These two
problems were studied by Duarte et al. [6] and here they called them MAXIMUM
CONNECTED CUT and LARGEST BOND respectively. They have shown that
LARGEST BOND does not admit a constant-factor approximation algorithm unless
P = NP. They have shown that both problems are NP-hard even for planar
bipartite graphs, whereas the MAaximMuM CUT on such instance has a trivial
solution which is given by the two parts. Additionally, they demonstrated that
both problems are FPT when parameterized by either the solution size or the
treewidth of the input graph.

2.3 p-separators and k-edge separator

Consider a graph G = (V, E) with edge capacities and vertex weights and a
parameter 0 < p < 1. A p-separator is defined as a subset of edges whose removal
partitions the vertex set into connected components such that the sum of the
vertex weights in each component is at most p times the weight of the whole graph.
Even et al. [7] defined this problem and presented an O(logn)-approximation
algorithm for minimum capacity p-separator. The main technique, which was
used, is called spreading metric and then formulation by an integer program. In
the same paper, they furthermore generalized the problem into a problem called
simultaneous separators where the subsets Uy, Us, ..., U, of vertices are given
together with parameter pq, po, ..., ps. The goal is to find a minimum capacity cut
that partitions the vertex set into connected components such that each connected
component contains at most p; of the weight of subset U; for all i.

A similar problem is called k-edge separator, where the goal is to remove
minimum number of edges such that each of the connected components has at most
k vertices. Lee [18] studied this problem and presented an O(log k)-approximation
algorithm running in time n®W.

Both these problems are related to the connected cuts but in a different matter.
The goal is to have small connected components, hence the connectivity is not
the main goal. In both cases the number of components is not restricted which is
the main difference to our defined problems.

2.4 Graph partitioning and clustering

Yet another related problems are graph partitioning and clustering. In the
former problem we partition the vertices into (connected) components while
preserving some constraints and optionally optimizing an objective function over
such partition, for further information we refer to Bulug et al. [2]. The latter
problem is to decompose the given graph so that we end up with clusters (induced
subgraphs). Graph clustering is often used in social networking [20]. Both
these problem classes are well studied and in some cases the connectivity of the
components is implicitly satisfied. But we focus on those results which explicitly
require connectivity.

Cordero et al. [4] studies the problem where for a given graph G = (V, E),
cost function d : E — R™ and two integers k > 2, o > 2 we want to find partition

12



into k parts where every part induces a connected component. Moreover each
subset has to have at least « vertices. The objective is to minimize the total sum
of edge capacities within every subset. They propose a mixed integer program to
solve the problem. The program uses a flow to model the partitions, which is a
common solving technique. Additionally, they propose a different approach using
spectral clustering which yields a formulation of another mixed integer program.
Their results are about the mixed integer program feasibility, and then they
present experiment results, which were done on several graphs, for both proposed
algorithms.

We observe the similarity with Problem [§] as the only difference lies in the
objective function. Therefore, a promising avenue for investigation would be to
modify the objective function in their mixed integer programming formulation to
minimize the size of edge cuts. This approach could potentially yield an algorithm
that solves Problem [§|and might even lead to the development of an approximation
algorithm.

2.5 Expander decomposition problem

Let us have a graph G = (V, E). For v € V' we define deg(v) as the vertex degree,
i.e. the number of incident edges. For S C V' the volume is defined and denoted

as vol(S) = Y ,cgdeg(v). Then the conductance of a cut S C V is ¢g(5) =
e(S,V\S)

min(vol(S),vol(V\S

say a graph G is a ¢ expander if &5 > ¢, and we call partition {V;,...,Vi} of V

a ¢ expander decomposition if min; @y > ¢. Samurak and Wang [21] described

75 and the conductance of a graph G is &g = mingcy P (S5). We

a probabilistic algorithm with parameter ¢ > 1/ logo(l) m that constructs a ¢
expander decomposition, where Y, e(S;, V' \ S;) = O(¢mlog® m).

From the definition of conductance, the optimal value ensures all partitions
remain highly interconnected. However, the resulting cut size can be quite large —
potentially a constant fraction of m. Consequently, this problem-solving technique
is not applicable to our connected cut problems. While connectivity emerges
naturally from the definition, it is not explicitly required as a constraint.

2.6 Partial Minimum k-connected cut

Recall that in MINIMUM k-CONNECTED CUT problem we have three following
requirements.

1. G[S] is connected.
2. |S|=k.
3. The size e(S,V '\ ) is minimized.

Let us consider what happens when we omit one of the three requirements.
We can demonstrate that for each case, there exists a known algorithm that either
solve or approximate the resulting problem.

First, when requiring only conditions |1 and [3, we can apply the results from
Garg [12]. Additionally, we have examined several alternative approaches in
section 2.1

13



Second, when requiring only conditions [2|and |3, we can employ the approxima-
tion algorithm for solving minimal bisection proposed by Feige and Krauthgamer
[8]. Furthermore, they presented an extension in section 5.4, where for a given
k < 1/2, they developed an algorithm for computing the minimum bisection with
|S| = k, achieving an O(log®n) approximation ratio on the cut size.

Finally, when selecting only conditions [I] and 2, we can utilize standard graph
traversal algorithms such as breadth-first or depth-first search, as the cut size
minimization is not required.

14



3 NP-completeness of Minimum
k-conencted cut (with source)

An important question is whether the MINIMUM k-CONNECTED CUT problem is
NP-complete. In such case we cannot expect any polynomial time algorithm which
solves it, unless P = NP. In this chapter we show the reduction from MINIMUM
BISECTION problem for both MINIMUM k-CONNECTED CUT and MINIMUM k-
CONNECTED CUT WITH SOURCE problems. First, we recall the definition of
MINIMUM BISECTION problem.

Problem 12 (MINIMUM BISECTION). Given graph G = (V, E) the goal is to find
a partition V = {Vy, Va} where |Vi| = |Va| = L|V| and e(V1, Va) is minimized.

)

To see that the Problem [12)is NP-complete we refer to the sources |10, 11} [17].

3.1 Minimum k-connected cut with source

First, we deal the MINIMUM k-CONNECTED CUT WITH SOURCE problem which
has a straightforward reduction from MINIMUM BISECTION.

Lemma 1. The MINIMUM k-CONNECTED CUT WITH SOURCE problem is NP-
complete.

Proof. Lets have a graph G = (V, E) for the MINIMUM BISECTION problem.
Assume s ¢ V. We create a graph G' = (VU {s}, EU{{u,s} | u € V}) and set
k=4 + 1. Now we use the solver for the minimum A-connected cut with source s.

Since s has to be included in the solution we look for § vertices from V' which
will be also added into the solution S. The number of edges adjacent to s always
contributes to the cut size with the value §. Therefore we minimize the cut only
within the original graph G. Since s is connected to all vertices we always have
solution which induces a connected subgraph. Thus the solution to MINIMUM
BISECTION problem is S\ {s}.

See that this reduction runs in linear time with respect to |V, hence in
polynomial time. [

3.2 Minimum k-connected cut

Proving the NP-completeness of the MINIMUM k-CONNECTED CUT problem
requires more careful consideration. Simply applying the same reduction as for
the MINIMUM k-CONNECTED CUT WITH SOURCE problem is insufficient, as it
doesn’t guarantee that the source s would be included in our solution. Below, we
present a proof that establish the NP-completeness of this problem

Theorem 2. The MINIMUM k-CONNECTED CUT problem is NP-complete.
First proof. On input we have a graph G = (V, E) for a minimum bisection

problem. Assume n is even. We add H = K2 complete graph and arbitrarily
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choose n vertices from H into a set B. Now create a perfect matching with V' and
B arbitrarily. Set k = n*+ 2.
Now we run MINIMUM k-CONNECTED CUT on such instance. Observe that in
every possible solution we choose ¢ vertices from H, where ( € I := [n* — %, n?].
If we choose the whole subgraph H then we obtain minimum bisection. If not
then the cut solely within H will be of size £(n? — ), which is always greater than

e(S,V\9) for any S C V. O

Second proof. Lets have G = (V, E) on the input for minimum bisection problem,
assume that V = {vy,v9,...,v,}. Lets create an auxiliary graph H = (W, F),
where

W =sUJ{vilVj € [n+1]}
i=1

and

= Q{{vé,v}}lvj #5 € [n+ 23U {{v, 1, sHi € M} UE

Here {vj-,v{ } € E' < {v;,v;} € E. The description of our created graph is
that we added new source vertex s and every original vertex v; € V' is replaced
by a clique of size n + 1. The edges between the original vertices are simulated
by choosing one vertex from each clique as its representative for such connection.
Lastly we also add edges from the source.

We take the graph H, set & = 1+ % (n+1) and solve the minimum k-connected
cut. If the solution will take exactly § cliques and s we have optimal value for
minimal bisection by choosing vertices represented by chosen cliques. Observe
that the whole procedure can be easily done in polynomial time.

Observe that the decision on choosing one vertex from a clique may result into
at most one edge going in between cliques. But there may be more edges inside
such clique.

Now suppose we have different solution, which is optimal. Firstly we relax the
problem and allow the solution S to be of size in [k — n, k + n| and that G[S] does
not have to be connected.

Now we can augment the solution so that all cliques are fully contained in S.
Both relaxed properties allow us to always either remove the vertices or add them.
For each clique we decrease the cut by [;(n + 1 — [;) and increase by at most /; or
n + 1 —I; and since the total increase is at most (2 — nl; or I? — (n +2)l; +n + 1
respectively. We only care about I; € [1,n] and n > 1. In these ranges the function
is < 0.

Hence we have a solution which has all cliques fully contained, which also
results in the fact that we have 7 cliques. Otherwise we would violate our range
for S. Therefore we may add s if it was not already in the solution, this does not
increase the cut.

Now observe that we have 1 + %(n + 1) vertices in S which has only better
optimum. Since s € S and all cliques are fully contained, i.e. v, for all such
cliques is also included then the subgraph G[S] is also connected. Meaning we
have better solution for minimum k-connected cut.
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Note that all steps were not increasing. But in case of adding cliques we
may order these additions and removals so that at least one step will be strictly
better. n
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4 Bicriteria approximation
algorithm for £-connected cut

In this chapter we present a bicriteria approximation algorithm which uses
a new notion of absorptive flow from which we create an integer linear program,
abbreviated by ILP. We approximate the size of cut with a constant factor, whilst
the size of S is within bounds 1 < |S| < O(k).

Besides these result we also show the lower bound for integrality gap between
the integer linear program and its linear relaxation.

4.1 Absorptive flow

We define a new notion of absorptive flow. First, we state the definition in a
common sense.

For a graph G = (V, E) and a source vertex s € V' we find a flow which flows
throughout the graph and every time it goes through a vertex some portion of
the flow may get absorbed. The absorption marks our desired vertices.

Later we define a boundary induced by such flow, and state the integer linear
program.

Definition 9 (Absorptive flow). For a graph G = (V, E) and a vertex s € V, also
called the source, and for k € N, such that |V| > k, we define absorptive flow as
functions (fv, fg), where fy : V. — R and fg : E — R satisfying the following
properties.

1. Z’L}GV fV(U) =k
fv(s)=1
VoeV:0< fy(v) <1

Yveviswyer fE({s,v}) =k =1
Vee E:0< fg(e)

Vo e VA {s}: Xueviuorer fEu,v}) = Xuevouyes fe({v, u}) + fv(v)

Property (1| ensures the absorption of the entire flow. Property [2| establishes
that the source s always serves as an absorber. Properties |3 and [5| define bounds
on the functions. Property [4| indicates that flow originates from the source.
Finally, Property [0] represents Kirchhoff’s law, which states that flow continues
uninterrupted unless a portion is absorbed.

We call function fg a flow and fy an absorption. Reader can view the flow
in a dynamic approach. That is we have source s and multiple targets which are
dynamically chosen by their absorptions.

It is evident that this formulation defines a linear program. However, we still
need to address the connectivity requirement. To accomplish this, we will augment
the existing flow with additional inequalities that enforce connectivity. Let us
now define a boundary.

S N
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Definition 10 (Boundary of the absorptive flow). Given an absorptive flow
(fv, fg) on a graph G = (V, E) we set S = {v eV | fy(v) > 0}. The boundary
is BE(S,V'\ S), where its size is e(S,V '\ S).

Now we propose our integer linear program which solves the MINIMUM k-
CONNECTED CUT WITH SOURCE problem.

4.1.1 Integer linear program

In this section we establish the integer linear program, which uses absorptive
flow and its boundary. We ensure connectivity of the subgraph G[S], thus the
term boundary can be interchanged with the term cut.

Variables

First, we declare the variables for edges and vertices.

(4.1)

f, = 1 if the vertex v absorbs.
"1 0 otherwise.

fuvs fou = 0 the amount of flow on edge {u,v} going in the respective direction.
(4.2)

v — { 1 ifec BE(S,V\S). (4.3)

0 otherwise.

See that these variables arise only from the definition of the problem. We call

variables (4.1]) as an absorption, (4.2)) as flow and (4.3) as a cut.

The integer linear program

In (4.4) we propose the whole ILP formulation, which we denote as M, and
describe the constraints.

min ) z, (4.4a)
ecE
Tiuwy = fu— o V{u,v} € E (4.4b)
Tiuwy = Jo = fu V{u,v} € E (4.4c)
Yo fw=k-1 (4.4d)
veV {s,w}eE
fs =1 ( . e)
Yo fw= > futfo Yo eV {s} (4.4f)
ueV{uv}ek ueV{v,u}ek
X;fu =k (4.4g)
k=1-fo= > fuw YoeV\{s}  (4.4h)
ueV{w}ek
fo €4{0,1} YoeV (4.4i)
fuvs fou €ZF V{u,v} € E (4.4j)
z. € {0,1} Veec E (4.4k)
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The objective function (4.4al) stems from our goal to minimize the cut size.
Inequalities (4.4b]) and (4.4c|) represent the constraint (.} > |f. — fu|, which
captures the difference in absorbance. To ensure a proper flow, equality
combined with establishes that £ resources are distributed from the source s.
The modified Kirchhoff’s law appears in , indicating that any flow entering a
vertex either continues outward or is partially absorbed by that vertex. Inequality
(4.4h)) enforces connectivity by requiring that any vertex receiving non-zero flow

must absorb a portion of it. Finally, inequalities (4.4i), (4.4j) and (4.4k|) simply

define the boundaries for all variables.

4.1.2 Consider the distance from source

We modify our integer linear program M by incorporating the distance from
s. We'll use the notation d(u,v) to represent the shortest path between vertices
u and v. This is a well-established graph property that can be computed in
polynomial time (e.g., using Dijkstra’s algorithm). In our modification, we adjust
the absorption requirement for each vertex by changing the fraction from ﬁ to
m for every vertex u. This approach combines two different path lengths: one
based on standard distance and another based on flow. The resulting inequality
is as follows.

(k—d(s,v))- fo= > fu Yo e V\ {s} (4.5a)

ueV{w}eFE

We replace the inequality with more strict version and denote
it as M. This modification enforces greater absorption and implicitly excludes
vertices that are farther away (i.e., at a distance greater than k) from consideration
in the solution. As a result, this approach may expedite the solver’s search for an
optimal solution.

4.1.3 Properties

Let us now observe several properties of this integer linear program M,.
Observation 1. Fvery vertex in the flow absorb.

Proof. See that due to the constraint (4.5) whenever a flow goes inside the vertex
we must set the vertex to absorb some portion of the flow. Exactly 1 in the case
of integer program. [

Observation 2. A set S ={v € V' | f, = 1} defines a connected induced subgraph
G[5].

Proof. Since f;, = 1 we know that s is inside the S. For contradiction assume
there is a vertex v € S which is not connected to the source s by a path, and
is the closest one to s in terms of d(s,v). Because f, = 1, there must be a flow
going to the vertex v from the constraint . Since this flow starts at s and
every vertex in the flow absorbs, from Observation [1, we must have a path from s
to v. Hence no such v exist. [
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Lemma 3. The optimal solution (x*, f*) of My correspond to a MINIMUM
k-CONNECTED CUT and vice versa.

Proof. We show the following.

1. For every feasible (z, f) of M, there exists k-connected cut with the same
value. — Suppose we have a feasible solution of the integer linear program.
Then we define the cut as S = {v € V | f, = 1}. From the previous
observations we know that the induced subgraph G[S] is connected. And
also from the constraint we have that |S| = k.

2. For every k-connected cut there exists a feasible solution (z, f) of our My
with the same value. — Suppose we have S as a k-connected cut. Let us build
a shortest path tree starting from s where we consider only the connected
induced subgraph G[S]. For every v € S set f, =1 and Vu ¢ S set f, = 0.
Set cut z. to be 1 if and only if exactly one end is inside S. Finally the
values f,, will be defined by the shortest path tree. That is from s we send
the flow with the size of the sub-tree and recursively call on that. See that
it satisfy all constraints. Both and are satisfied purely from
the definitions. The sum of outgoing flow from s is equal to the sum of
all sub-trees which is indeed £ — 1. There is k vertices with value f, =1
and finally fs = 1. From the tree structure we can easily observed that the
Kirchhoff’s law (4.41]) is satisfied. And also the connected constraint
holds.

Therefore the optimality follows. ]

Lemma 4 (Integrality gap). The integrality gap between the integer linear program
My and its linear relaxation is at least k.

Proof. Suppose we have k € N and a clique graph with N 3 n > k vertices. The
optimal value of M, will choose arbitrarily k vertices, because we cannot get
better solution by exchanging one vertex for another. Hence we have n — k vertices
in the rest. The size of the cut is therefore k(n — k). Conversely in the linear
relaxation we can send from s the same value to all vertices, therefore only n — 1
edges will have non-zero cut-value. For n — 1 vertices we split £ — 1 equally, hence
we have a cut of size (n — 1) - ( — %) =n—1—k+1=mn—k. The integrality

gap is in this case k. O

4.2 Approximation of the linear relaxation

In this section we use our integer linear program M, and create a linear
relaxation. Let us denote d, as a pseudo-metric on V x V — R{. For two vertices
u,v € V we have d,(u,v) defined as the shortest path between these two vertices,
where the length of each edge e is set to be the cut variable z.. We denote our
LP optimum as OPTyp.

Definition 11. For a given graph G = (V, E) and a pseudo-metricd : VxV — R,
a ball around vertex u € V. with radius 0 <r <1 is a set {v € V | d(u,v) <r},
denoted as By(u,r).
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Lemma 5. For all vertices v € V' the inequality f, > 1 — d.(s,v) holds.

Proof. Let us prove this by an induction on the distance d,. First, see that for
s the inequality fs > 1 — 0 = 1 holds due to the constraint . Then for all
neighbors of s we have f, > 1 —d,(s,v) > 1 —zg,, and from the inequalities
and we have that f, >1— fo+ f, =1—1+ f, = f,. Thus it holds.

A vertex v € V is said to be bad if f, < 1—d,(s,v). For contradiction suppose
there is a bad vertex v, and take the one closest to the source with respect to
the pseudo-metric d,. Hence for all neighbors which are closer it must hold from
induction. Take the one, which has shortest path from source summed with the
value of their common edge, denote this vertex u. Therefore f, > 1—d,(s,u). Now
1—d(s,0) = 1—(du(s,u)+2yy) < 1=dp(s,u)—(fu—fo) = 1=du(s,u)— fut fo < fo
Which is a contradiction with the fact that v is bad. [

The probabilistic algorithm is in a following matter. Uniformly at random
choose 0 < r < 1 and set S = By, (s,r). With such approach we get optimal
expected values.

Lemma 6. The expected values of the cut and the size of By, (s,r) are upper
bounded by the optimum values.

Proof. First, see the probability Ple € E(Bgy,(s,r),V \ Ba,(s,7))] < x.. This can
be seen by a simple observation. The edge e is in cut if r is inside the interval
(a, a0 + x) for some o € Ry. But the probability is at most as in the case of r
being in the interval (0, x.). Therefore the expected value can be computed.

Ele(Ba,(s,7),V \ Ba,(s,7))] = Z Ple € E(By,(s,7),V \ Ba,(s,7))]

eeE
4.6
< Z e = OPTrp (46)

eeE

Now we compute the expected size of the set By, (s, 7).

Plv € By, (s,1)] = Pld.(s,v) <r] <Pl —f, <r]=f, (4.7)

Observe that having r larger than 1 — f, is same as the value of f, itself, hence
the last equality holds. The previous inequality follows from the Lemma [5] The
expected value can be computed in the following way:.

E[|B,(s,7)[] = 3_Plv € Ba(s,m)] < 3 fo =k (4.8)

veV veV

O
Let us now show a bounds on the size of the ball By, (s,r).
Lemma 7. For any 0 < r <1 these bounds 1 < |By,(s,r)| <1+ %=L holds.

Proof. The lower bound can be easily seen only from the inequality (4.4€]).
The upper bound uses Lemma |5, which results in the inequality f, > 1 —1r for
all v € By, (s,7). The total sum of f, values is equal to k and since f; =1 we get

that ZvGV\{s} fv =k—1.

22



(L=r)[Ba(s;r)\{s} = > 1-r

veBa, (s,r)\{s}

< > e

v€Bq, (s,r)\{s} (4.9)
< > f
veV\{s}
=k-1
From which we obtain the desired inequality. [

Here we present a constant factor approximation of the optimal value. We use
the basic property of linear relaxation, where its optimal value can be only lower
than the optimum of the integer linear program.

Lemma 8. Given a constant 0 < ¢ < 1, let Z. = {r € (0,1) | e(Ba,(s,7),V \
By, (s,7)) > XOPTyp}. Then I. corresponds to a set of subintervals of (0,1) and
the sum of their length is at most c.

Proof. We partition the interval (0, 1) into maximal inclusion-wise sub-intervals
Iy, 15, ..., I, such that for all » within a given sub-interval I;, the number of
edges e(Bg,(s,7),V \ Ba,(s,r)) remains constant. For each i € [¢], we denote this
constant number of edges e(Bg, (s,7), V \ Ba,(s,7)) as 0;.

Set Z={ie[(]|& >2-OPTyp}. Since Y-¢_, &; |I;| = OPTyp holds from the
definition, we have that >, || < c. O

We now propose a bicriteria approximation algorithm for the MINIMUM k-
CONNECTED CUT WITH SOURCE problem, and consequently also for MINIMUM
k-CONNECTED CUT problem. The technique we use is known as a Ball growing
technique [12].

Theorem 9. For a given graph G = (V,E), k € N and 0 < ¢ < 1 there
exists a polynomial time algorithm, which produces a connected cut S, such that

1 <|S| < O(k) and e(S,V '\ S) < 1OPTypp.

Proof. From both Lemmata (7| and |§] it follows that there exists 0 < r < 1 such
that 1 < |By,(s,r)] < O(k) and e(By,(s,7),V \ By, (s,7)) < 10PTp. As the
function f(r) = e(Ba,(s,7),V \ Ba,(s,7)) is piece-wise constant with at most |V/|
pieces, then such radius can be found in polynomial time. [
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5 Computational experiments

In this last chapter we briefly describe our implementation of the algorithm for
MINIMUM k-CONNECTED CUT WITH SOURCE which was mentioned in Chapter

We implemented the algorithm in Rust with the use of Gurobi optimizer. In
order to run the program both has to be installed. Additionally, for creating
images of graphs, we use Graphviz’s DOT languageﬂ We also generate reports
into a markdown formaﬂﬂ and then it can be transformed to any other type of
document with the usage of pandoc.

The source code is given as an attachment together with the auto-generated
reports.

5.1 Documentation

The program’s architecture is organized across several source files:

e main.rs — Contains the program’s entry point and main function.

e 1lp.rs — Houses all linear programming components, including Instance
and Solution classes, as well as functionality for creating linear programs
from the input graph and solving them.

e apx.rs — Implements functions related to the approximation algorithm.

o generator.rs — Provides functions for generating the various test graphs
used in experiments.

o images.rs — Contains all procedures responsible for graph visualization and
image generation.

e reporter.rs — Includes functions that generate markdown files summarizing
experimental results.

As implementation details are not the primary focus of this thesis, we will not
delve deeper into the code structure. Additionally, we present several graphs that
were examined during testing. The accompanying script allows for reproduction
of all experiments.

5.2 Considered graphs
We examine several graph types in our experiments:

o clique — A complete graph with n vertices, where every vertex is connected
to all others, as illustrated in Figure

IStructured text for drawing graphs. For more information see graphviz.org/doc/in-
fo/lang.htm].
2Structured text format. For more details visit www.markdownguide.org/.
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o star — A graph structure featuring one central node connected to all other
n — 1 vertices, while the non-central vertices have no connections between
them, as shown in Figure

o Petersen graph — A well-known graph frequently used as a counterexample,
depicted in Figure |5.1c]

e comet — A modified star graph where one edge has been subdivided into a
path, as demonstrated in Figure |5.1d|

o necklace — A graph formed by taking a clique and connecting two of its
vertices with an additional path containing new vertices, as shown in Figure

B.1d

e tree — A tree with predefined number of ancestors and specified depth,
illustrated in Figure [5.11]

o complete bipartite — A graph consisting of two disjoint vertex sets V; and
Va, where an edge {u, v} exists if and only if u € V; Av € V5, as presented

in Figure [5.1g]

5.3 Experiment results

Last, we present the results of our experiments. For more details we refer to
look into the attached reports.

In Table [5.1], we present the graph names alongside their properties. The
results from both integer linear program and its linear relaxation are displayed as
OPTyrp and OPTpp respectively. The integer linear program value represents the
optimal solution. Notably, several instances achieved the optimal value in their
linear relaxation, specifically star, star-alt, tree, and tree-alt instances. Although
all these examples are trees, it’s important to clarify that tree structures don’t
universally yield optimal values in linear relaxation. This is demonstrated by
the comet and comet-alt instances, which are both trees that differ only in their
designated source vertex.

We ran our approximation algorithm for three constants - 157 5 and 5 to observe
key properties. For each constant we record the size of the cut and the size of the
solution S C V. This values are also present in the Table [5.1]

First, Table demonstrates that for each constant ¢ and instance, the value
e(S,V'\ S) does not exceed LOPTyp. Specifically for the instances comet, comet-
alt, clique, necklace-alt, and k-2-20-large, we observe that when ¢ = 10, the solution
set S undergoes a change. This modification is necessary because otherwise, the
value would exceed the %OOPTLP threshold.

The reader may observe that for graphs, where OPTp = OPTyyp we obtain
the same result for any ¢, hence our approximation algorithm preserves the
optimum.

Observe that all cliques, k-2-20s and Petersen have trivial solutions, which
is either S = V or S = {s}. In the other instances the size of solution |S]| is
close to the value k, specifically for both constants {5 and 1 , which arises from
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WA

(a) Complete graph for n = 5. (b) Star graph for n = 6.

A

(d) Comet graph for star of size 5 and path
(c) Petersen graph. of length 3.

S

(e) Necklace graph for clique of size 5 and (f) Regular tree graph for 3 ancestors and
path of length 7. depth 3.

(g) Complete bipartite for |[Vi| = 2 and |V3] = 4.

Figure 5.1 Considered type of graphs in experiments.
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more possible choices of radii. Last, for constant 1% we also get trivial solution for
comet, comet-alt and neckalce-alt.

We want to emphasize that having S = V' is not a proper cut. Let us explain
why this can occur. In such instances we may see that n is relatively close to k,
or it is a dense graph, i.e. having a large number of edges. Therefore all vertices
are close to the source vertex s with respect to the pseudo-metric d,. Hence this
solution satisfies our properties. Moreover in several cases, mainly for constant
c= %, this is the only feasible solution satisfying the bound %OPTLP. Hence it
makes sense to consider such solutions.

Therefore we conclude that for constant ¢ = % where the value is at most
2-OPTyp we get solutions relatively close to k unless the graphs are largely intact,
i.e. having large number of edges. This holds for ¢ = % as well, but here we have
guaranteed only the bound 10 - OPTyp.
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Conclusion

In this thesis, we dealt with connected cut problems that partition graph in
a more constrained way than classical cuts. We mainly focused on MINIMUM
k-CONNECTED CUT and MINIMUM k-CONNECTED CUT WITH SOURCE problems,
which we defined. First, we proved that both these problems are NP-complete by
reducing them from the MINIMUM BISECTION problem.

Second, we introduced a new concept called absorptive flow and developed an
integer linear programming formulation that solves the MINIMUM k-CONNECTED
CUT WITH SOURCE problem, and consequently, the MINIMUM k-CONNECTED CUT
as well. We demonstrated that the integrality gap of this integer linear program
and its relaxation is at least k, and identified several key properties that enable
the design of an approximation algorithm.

For the approximation algorithm, we used the pseudo-metric defined by the
cut variables x, and considered all vertices within a ball B, (s, ), centered at the
source s with radius 0 < r < 1. We showed that the expected values obtained
are bounded by the optimal value. Additionally, we presented an algorithm
which, for any constant 0 < ¢ < 1, produces a solution within a constant factor

% of the optimum, while allowing the size constraint to be within the bounds

1 <|S] < O(k).

Finally, we implemented our algorithm and conducted several experiments on
special graph classes. Our observations indicate that complete graphs do not yield
good solutions, whereas trees tend to produce better results, which are closer to
the optimal value.

We highlight some open questions that remain. One is whether the ball
B, (s,1) always contains all vertices, or if there exists an instance G = (V, E)
with a vertex v € V such that the distance d,(s,v) > 1. We conjecture that
By, (s,1) =V, but this remains unproven. Another observation is that all graphs
we found with absorptive flow induce a tree structure, raising the question of
whether this is always the case.
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A Attachments

A.1 attachment.zip

In the attached file attachment.zip we have two directories.

A.1.1 solver

In the directory solver we find the source code files corresponding to the
implementation described in Chapter [5] If all required tools are installed, the
reader can simply run cargo run or use the provided script automate.sh to
generate images and reports with a single command.

A.1.2 reports

The second directory, reports, contains the automatically generated PDF
reports produced by our implementation. These reports include images of graphs,
flows, cuts, and approximation results. Specifically, for the constants 0.1, 0.5, and
0.9, the files are named report-c.pdf, where ¢ represents the respective constant
value.
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