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Part 1

Kombinatorika a grafy I



Chapter 1

Odhady

1.1 Odhady faktorialu

Faktorial: n € N : nl. Poskladani n prvka.
Tvrzeni 1. Vn € N:n™/2 < nl <n"

Proof. Hornf odhad se dé napsat jako: n! =[], ¢ <[], n = n™. Dolni odhad pouzijeme, Ze i(n+1—1i) > n
(to plati pro s = 1 a i = n). Potom pro 2 < i < [§] mdme i(n + 1 —i) > 25 = n. Obdobny odhad je i pro
[2] <i < n. Nasledné (n!)? =nl-n2...2(n—1)-1n > n"™. Potom plati, ze n! > n"/2. O

Véta 2. Vn € N:e(2)" <n! <en(2)"

Proof. Horni odhad: Pron=1plati (1=1!<e l =1). Necht n > 2.

6

> "e(”;l)"—(”f)”:
) (¢+)" =1

=1). Necht n > 2.

nl = n(n — 1)! < ne(n — 1) (

\
S|

Doln{ odhad: Pro n =1 plati (1 = () <1

m_nm_mzw;) e ()T ()
0

() <

Lemma 3. 1+ <e¢*

Proof. f(z) :=e® — (z + 1) chceme ukazat, ze f(x) > 0 proVx € R. f'(z) =e*—1= (f'(z) =0« z =0).
() =¢e*. f’(x) =1> 0= v bodé z =0 je globdln{ minimum pro f = f(x) > 0 pro Vz € R. O

Véta 4 (Stirlingiv vzorec). n!~ nv2mn(2)" lim, \/ﬁ!(@)n =1



1.2 Binomicky koeficient

Pocet k-prvkovych podmnozin n-prvkovych mnozin:

n n!
n’kEN'(k>_k!(nk)!

Pozorovani. 1. Vn,k e N: (%)F < (}) <nk
2. nejvétsi prvek ((ﬂ) (LHJ)
Proof. Empty. O

1.2.1 Binomicka véta

. 52m om 52m
Véta 5. Ym € N ; W<( )<\/ﬁ

Uzit{ Stirlingového vzorce: (*7) ~ 22m VkneN:n>k () < ()"

m

T

Proof. Empty. O

1.2.2 Aplikace (ndhodné prochazky)

n krokl a v kazdém bodé mam 50% Ze pujdu doprava anebo doleva. Stfedni hodnota poctu navrati do 0. X -

pocet navratii do 0. Aa, = jev po 2n krocich se dostanu do 0. X =" | T4,.. Pr[As,] = 4




Chapter 2
Vytvorujici funkce

Pocetni metoda, kde spojitymi funkcemi vyjadiujeme posloupnosti.
Definice 1. Pro posloupnost (a;):2, je mocninnou fadou a(x) = > .o, a;x".

Posloupnost lze prevést na funkci, ale pfi prevodu nazpatek je tfeba aby posloupnost nerostal moc rychle.

Priklad. 1. a; =1 pokud 0 < i < n jinak a; = 0. Tedy (a;)i2, = (1,...,1,0,0,...). Potom funkce je
z geometrické rady.

1_gntl
1—x

2. Vi :a; =1 to je potom nekonec¢na geometricka rada, takze je to ﬁ
3. a; = (?) potom funkce vychédzi z binomické véty, takze je (1 4+ x)™.

Tvrzeni 6. Pokud pro (a;)$,3k € (R) takové, Ze Vi : |a;| < k', pak pro vSechna z € (5, %) rada a(z) =

, @
Z;’io a;x* konverguje absolutné a na libovolném € okoli 0 urcuje i koe ficienty,, protoze i, = ali,(o)
Obecny postup:
1. kombinatoricky objekt s nezndmym poctem
2. vytvorujici funkce
3. rozklad na vytvorujici funkce se zndmymi koeficienty
4. urceni hodnoty
Operace Posloupnosti Funkce
Soucet (ap +bo,a1 +b1,...)  (a+b)(z) =D 20(a; + bz’
a-nasobek (ag, aaq, .. .) aa(z) = Z;’io(aqi)xz
Posun vpravo o n pozic  (0,0,...,a0,a1,...) aa(x) Yo g aix™t
Posun vlevo o n pozic (@n, Qny1,dots) T (aigppat = W =2izemir’
p ny An+1, AOLS i=0\Qi4nT" = ™
Dosazeni ax (ag, aar,’ay, . ..) alaz) =Y 72 a; + o'a’
Dosazeni 2" (ap,0,...,0,a1,0,...) a(z™) =32, a;x"i
Derivace (a1,2as2,3as,...) a(z) =3 dazzt?
Intogrél (0,a0, 5, %) foz a(z)dr = Z?;Oo 111 5’3&1
Soucin (co,c1,¢2,...) a(x)b(x) =32 (ci)a’

2.1 Reseni rekurentnich rovnic

Ukdzka na Fibonacciho ¢isle. Uréime F,, jako koeficient funkce F(z) = Y ° Fyz'. Mame F, 4o = F,q1 +
F,,¥Yn > 0. Vynasobime rovnici z": F, 02" = F,112" + F,,2".S¢itdme pfes n > 0: > ., Fni02" =
Dm0 P12 + 32,50 Faz™ to se rovnd:

F(J?)—Fo—Fl _F(J})—FO

= F
2 T +F(@)
ted urcime
1 1
Fla)= — = a =5
l—z—a? (161 -156 1 -4/5; 11545,



to uz lze prevést

1
Fp=—

n n
1+5 1-+5
V5 2 2
to je tzv. Binettv vzorec. Tento postup funguje pro vSechny Homogenni linearni rekurence k-tého
stupné s konstantnimi koeficienty, tedy typu:

Opik = Qp—10pik—1 + -+ gtn, k € Nyag_1,...,a90 €R

2.2 Aplikace vytvorujicich funkci

Nadefinujeme zobecnénou binomickou vétu pro

neRmezg:(’;) _ n(n—l)(n—Qr)!...(n—r—f—l)’

specidlné (7)) = 1.
Véta 7 (Zobecnénd binomicka véta). Vr € R je (1 + z)" wytvorujici funkci posloupnosti ((g), (), (),...) a
fada 32 ()x' konverguje pro Vo € (—1,1).

K2

Proof. Empty. O
n—1

Disledek. W¥n € NVx € (=1,1) plati = = 3272, (") "

Proof. Empty. O

2.3 Aplikace - Catalanova cisla

Zakorenény binarni strom - bud je prazdny, nebo obsahuje specidlni vrchol zvany kofen a par zakorenénych
stromt, které tvori levy a pravy podstrom.
b, = pocet bin. zak. stromil na n € Ny vrcholech, potom b(z) = 377 b,a™ je piislusnd vytvorujici funkce.

Véta 8. Pro kazdé n € Ny plati b, = #—1(2;) Kde se %_H(Qg) znaci jako Cy, a 1ikda se mu n-té Catalanovo
c¢islo.
Proof. Empty. O

Catalanova ¢isla maji mnoho interpretaci, napiiklad pocet trividlnich uzavorkovani s n pary zavorek anebo
pocet triangulaci.



Chapter 3

Konecéné projektivni roviny (KPR)

Jistd nova struktura, kterd je velice symetrickd a vzdcnd. Jednd se o mnozinovy systém (hypergraf - zobecnéni
grafu, kde hrany mohou byt k-tice. Vyuziva se v samoopravnych kédech a prichézi z geometrie.

3.1 Eukleidovy axiomy
1. kazdé 2 body urcuji primku
2. kazdou tsecku lzze prodlouzit na piimku
3. ze zadaného bodu lze opsat kruznici prochézejicim druhym zadanym bodem
4. vSechny pravé thly jsou stejné
5. bodem lze k primce vést pravé 1 rovnobézku

Definice 2 (KPR). Konecnd mnozina X a systém P podmnozin X tvori KPR (X, P) = (body, primky) pokud
splnuge tyto tri axiomy:

1. Ve,ye X,x#y,IPeP :{z,y} C P

o kazdé 2 body urcuji pravé jednu primku
2.VP,QeP,P#£Q:|PNQl=1

o kazdé 2 primky se protinaji prdve v 1 bodée
3. CCX,|C|=4,VPeP:|CNPI<L2

o existuji 4 body v obecné poloze

Jako priklad je Fanova rovina, kterd ma 7 primek a 7 boda. Jak Ize vidét na obrazku

Figure 3.1: Fanova rovina

Tvrzeni 9. V KPR obsahuje kaZdd primka stejny pocet bodi. VP, Q € P|P| = Q).
Proof. Empty. O
Definice 3. Rdd projektivni roviny: (X,P) je |P| —1 pro P € P.
Tvrzeni 10. Je-li (X, P) KPR rddu n, pak plati:
1. kazZdym bodem prochdzi prive n + 1 primek
2. 1X|=n>+n+1
3. Pl=n?+n+1
Proof. Empty. O



3.2 Dualita KPR

"Prechod z pfimek na body a z bodu na primky.”

Definice 4. Dudlni mnoZinovy systém k mnoZinovému systému (X, P) je (P,{{P € P:xz € P}:z € X}),
zkrdcené dudl

Tvrzeni 11. Dudlem KPR rddu n je KPR rddu n.
Proof. Empty. O

3.3 Existence KPR

Kromé Fanovy roviny zatim nezndme zadné dalsi piiklady koneénych projektivnich rovin. Ale samoziejmé se vi
o dalsich které existuji jmenovité pro (2,3,4,5,7,8,9,11) a 12 uz se nevi. Domnénka je, ze KPR faddu n existuje
< n je mocnina prvocisla. Nicméné je to porad oteviené.

Véta 12. Pokud existuje algebraické téleso o n prvcich, potom existuje KPR tddu n.
Proof. Empty. O

Konstrukce funguje nad kazdym télesem a napiiklad nad R davad realnou projektivni rovinu.

3.4 Latinsky ctverec

Definice 5. Latinsky ctverec adu n € N je tabulka n x n éisel z {1,...,n}, ve které se Zddné cislo neopakuje v
zZadném radku ani sloupci.

3.4.1 Ortogonalita

Definice 6. Latinsky ctverce L, L’ stejného tddu jsou ortogondlni, pokud pro kazdé 1,I' € {1,...,n} existuji
i,j € {1,...,n}, takové Ze Lij =1, Li; =1'. Zapisuje se jako L L L'.

Pozorovani. Pro ortogondini latinské ctverce L, L' vddun a par (I,I') € {1,...,n} x {1,...,n} je pozice (I,I')
s Lij =1, Lj; = 1" urcena jednoznacné.

Proof. Pocet part (I,1') je n?, stejné jako pocet pari (i, ). O

Pozorovéni. Je-li L = (L;j);';—; latinsky ctverec a 11 : {1,...,n} — {1,...,n} perm, tak potom II(L) :=
(I(Lij)7 ;=1 je latinsky ctverec stejného rddu.

Proof. = BUNO prvni fadek je vizdy vzestupna fada. = Je-li L L L', pak TI(L) L L'. O
Disledek. Pocet navzajem ortogonalnich nanejvys ¢tverct fadu n € N je n — 1.
Proof. Empty. O

Véta 13. Konecnd projektivni rovina rddu n > 2 existuje < existuje n — 1 navzdjem ortogondlnich latinskych
Ctvercu radu n.

Proof. Empty. O



Chapter 4

Toky v sitich

Definice 7. Sit je ctverice (G, z,s,c), kde G = (V, E) je orientovany graf (tedy V CV x V), z € V je zdroj,
seV jestok (z#s)ac: E— Rar. Hodnotu c(e) nazgvdme kapacitou hrany e € E.

Definice 8. Tok v siti (G = (V,E), 2,s,¢) je f : E — Ry spliujici ndsledujici podminky:
1. Vre E:0< f(e) <c(e) (velikost toku je omezend kapacitou)

2. Kirchhoffiv zdkon co pritékd do vrcholu, musi odtéct, neboli:

Yue V\{zs}: Z flu,v) — Z flo,u) =0

vi(u,v)EE vi(v,u)eE
Definice 9. Velikost toku f je w(f) =3, ,yep [(2:0) = 2. vyen f(0,2).
Tvrzeni 14. Pro kazdou sit existuje mazximdlni tok.

Ndcrt. 7 analyzy vime, Ze spojitd funkce na kompaktni mnoziné nabjvi maxima. Mnozina F C RIZl viech
tokt je kompaktni funkce w : F — R je spojita. O

Definice 10. Rez v siti (G, z,s,¢) je R C E takovd, Ze kaZdd orientovand cesta ze zdroje z do stoku s pouZivd
aspon jednu hranu z R.

Specidlné hrany vychazejici ze z ¢i hrany vychazejici do s tvoii fez.
Definice 11. Kapacita vezu R je c(R) =) .pc(e).
Rezu je jen koneéné mnoho = jisté existuje fez minimalni kapacity.

Véta 15 (hlavni véta o tocich). Velikost mazimdlniho toku = kapacita minimdlniho Tezu, nebo-li, pro kaZdou
sit plati: max w(f) = min ¢(R), kde f je tok a R Tez.

Definice 12 (Elementarni fez). Pro ACV, kde z € A a s ¢ A, nazveme mnozinu Ra = {e = (u,v) € E:u €
A,v ¢ A} elementdrnim rezem. Opravdu se jednd o Tez, protoZe pokaZdé su musi néjak opustit A.

Pozorovani. Kazdyj rez R obsahuje elementdrni rez.

Proof. Zvolme A jako mnozinu vrcholu dosazitelnych po orientované cesté ze zdroje v grafu (V, E'\ R). Potom
z € A s ¢ A, protoze R je fez = R4 existuje (u,v) € Ra < u€ Ao ¢ A= (u,v) € R, tedy R4 C R. O

Pozorovani. Kazdy v inkluzi minimdlni ez R je elementdrni. Nebo-li R\ {e} neni rezem pro Ve € R.
Proof. 7 predchoziho pozorovani musi R obsahovat elementarni fez R4 C R a z minimality plati Ry = R. O

Lemma 16. Je-li f tok a Ra elementdrni tez, pak plati:

wif= D Sww- Y fw
u€Av¢ A, (u,v)eEE u€Av¢A,(v,u)eEE

Proof. Empty.

Proof. (Véty) Empty. O

10



4.1 Fordtv-Fulkersontiv algoritmus

1: Nastav f(e) =0 pro Ve € E
2: while 7 zlepsujici cesta P do
3: vylepsuj po ni tok o ep
4: end while

return Stavajici tok f

Véta 17 (o celoCiselnosti). Jsou-li kapacity celociselné, pak F.F. najde max. tok po konecné mnoha krocdich a
navic md takovy tok celociselnou velikost.

Proof. Tok se vzdy zlepsi o celé ¢islo ep > a w(f) < oo. O

Existuji sité s iraciondlnimi kapacitami, kde F.F nenajde maximéalni tok a nekonverguje k vysledku. V siti
s celo¢iselnymi kapacitami ma F.F. alg. ¢asovou slozitost O(w(f)(|V|+ |E])), kde f je tok. Takze je to v ¢ase
O(|V]+ |E|). Pokud bychom specifikovali vybér zlepsujici cesty na nejkratsi dostaneme Edmondstv-Karpuav
algoritmus, ktery ma ¢asovou slozitost 0(|V| + |E|?).

4.2 Kbonigova-Egervaryho véta

Definice 13. V grafu G = (V, E) nazveme mnoZinu C C V wvrcholovgm pokrytim, pokud C Ne # § pro
Ve € E.

Zjistit minimdalni velikost vrcholové pokryti je NP-tézka tloha.
Definice 14. Pdrovdnim v G je podgraf tvoreny disjunktnimi hranami.

Véta 18. (Konigova-Egervdryho véta) V bipartitinim grafu je velikost min. vrcholového pokryti rovna velikosti
mazximdlniho pdrovani (do poctu hran).

Proof. Empty. O

4.3 Hallova véta

Definice 15. Méjme konecné mnoziny X a I. MnoZinovy systém M je (M, :i € I), kde M; C X. Systém
ruzngch reprezentanti (SRR) pro M je prosté zobrazeni f : I — X takové, Ze Vi € I : f(i) € M;. Tedy f
je vyber jednoho prvku z kazdé M; takovy, Ze Zidny prvek nevybereme vickrdt. Incidencéni graf systému M je
bipartitni graf Gy = (I U X, E), kde E = {{i,a} :i € I,x € X,x € M;}. Pokud M md SSR < Sy obsahuje
parovani velikosti |I|.

Véta 19 (Hallova véta). M md SSR < VJ C I :|Ujecg M| > |J|. Pravé édsti se 7ikd Hallova podminka,
také se véta oznacuje jako Hall’s marriage theorem.

Definice 16. Empty.

S axiomem vybéru by Slo dokdzat variantu s koneénymi M; a nekoneénymi I, X. S nekonecénymi I, X to
platit nemusi.

4.4 Rozsirovani latinskych obdélnika

Disledek. V kazdém bipartitnim grafu G = (AU B,E) s E # () a deg(z) > deg(y) pro kazdé z € A,y € B
existuje parovani velikosti |A|.

Proof. Empty. O

Latinsky obdélnik typu k£ x n pro k < n je tabulka s fadky s n sloupci vyplnénymi symboly 1,...,n tak, ze
se v zadném tadku ani sloupci zadny symbol neopakuje.

Véta 20. Kazdy latinsky obdélnik typu k x n lze doplnit na latinsky ctverec rdadu n.
Proof. Empty. O

11



Chapter 5

Mira souvislosti grafu

Definice 17. Graf je souvisly pokud jsou kaZdé dva vrcholy spojené cestou, jinak je graf nesouvisly a je
rozloZen na aspon dvé komponenty souvislosti.

Nyni budeme zkoumat jak moc je graf odolny proti rozpadnuti po odebrani hrany nebo vrcholu.

Definice 18. Hranovym vez v grafu G = (V, E) je mnoZina hran F C E takovd, Ze graf G — F = (V,E\ F)
je nesouwvisly. (Také se nékdy nazyvd jako separdtor.)

Definice 19. Vrcholovgm rezem v grafu G = (V, E) je mnoZina vrcholi A C V takovd, Ze graf G — A =
(VNAEN (V;A)) je nesouvisly.

Definice 20. Hranovd souvislost grafu G = (V, E) je

ke(G) = min{|F| : F je hranovy ez v G}
¢ T\ ke(G) =1 pokud G = K,

Definice 21. Vrcholovd souvislost grafu G = (V, E) je

min{| 4| : A je vrcholovy Tez v G}
ky(G) =< ky(G) =1 pokud G = K,
ky(G) =n —1 pokud G = Kp,,n > 2

Nesouvislé grafy maji vrcholovou i hranobvou souvislost 0.
Definice 22. Pro r € Ny je graf hranové r-souvisly, pokud k.(G) > r.
Definice 23. Pro r € Ny je graf vrcholové r-souvisly, pokud k,(G) > r.
Pozorovéni. VG = (V,E),G # K : k.(G), k,(G) < min{deg,(v),v € V}

Lemma 21. VG = (V,E)We € E : ko(G) — 1 < ke(G — €) < ke(G) Po odebrani hrany klesne hranovd souwvislost
mazximdlné o 1.

Proof. Empty. O

Lemma 22. VG = (V,E)Ve € E : k,(G)—1 < ky,(G—e) < ky,(G) Po odebrani hrany klesne vrcholovd souvislost
mazimalné o 1.

Proof. Empty. O
Disledek. YG = (V, E) : ky(G) < ko(G) Vrcholové souvislost je maximalné stejnd jako hranova souvislost.
Proof. Empty. O

Nerovnost miize byt ostrd. To lze vidét na pifkaldu "motylka”. Lze vidét na obrazku [77]

Figure 5.1: Graf "motylek”.

12



Véta 23 (Ford-Fulkersonova véta). VG Vt € N : k. > t & mezi kazdymi 2 vrcholy grafu G 3 > t hranové
disjunktnich cest.

Proof. Empty. O

Varianat Fordovy-Fulkersonovy véty plati i pro vrcholovou souvislost. Tyto véty jsou znamé také jako
Mengerovy véty.

Véta 24 (Mengerova véta). VG Vit € N : k.(G) > t & mezi kaZdymi 2 vrcholy grafu G 3 > t vrcholové
disjunktnich cest (mimo u,v).

Proof. Empty. O

JelikoZ 1ze zjistit tok maximaln{ velikost v polynomidlnim ¢ase, tak mame algoritmus na zjisteni k.(G), k, (GQ)
také v polynomialnim cCase.

5.1 2-souvislost podrobnéji

Definice 24. Hranovy rez velikosti 1 se nazgvd most a vrcholovy rez velikosti 1 se nazjvd artikulace.

Pro graf G = (V, E) s e € F ozna¢me C + e graf vzniklyz G operaci podrozdéleni hrany e na cestu délky
2.

Lemma 25. Pro kaZdy graf G = (V, E) a pro kaZdou hranu e € E plati: G je vrcholové 2-souvisly < G + e je
vrcholové 2-souwvisly.

Proof. Empty. O

Véta 26 (Usaté lemma). Graf G je vrcholové 2-souvisly < G lze vytvorit z Ks operacemi priddvani a
podrozdélovdani hran. Pro¢ "Usaté lemma™? Priddni hrany a jeji podrozdéleni odpovidam priddni cesty mezi 2
vrcholy (="priepeni ucha”).

Véta 27 (Alternativni znéni). G je vrcholové 2-souvisly < G lze vytvorit z cyklu priddvanim usi, protoZe
priddvani ucha lze symulovat priddnim hrany a jejim podrozdélent.

Proof. Empty. O

13



Chapter 6
Pocitani dvéma zpisoby

Metoda dukazi v kombinatorice. Urc¢ime néjaky neznamy pocet X vyjadfenim poc¢tu Z dvéma vyrazy, z nichz
jeden X obsahuje a druhy ne = mame vyjadieni pro X.

6.1 Cayleyho vzorec

Kolika zptsoby lze vytvorit strom na vrcholech {1,...,n}? Nebo-li jakd je pocet koster x(n) grafu K7
Definice 25. Kostra grafu G = (V, E) je strom T = (V,E’) s E' C E.
Véta 28 (Cayleyho vzorec). Pro kazdé n > 1 plati k(n) = n" 2.

Existuje fada diikazt s velmi odliSnymi myslenkami, ukdzeme si nejjednodussi zalozeny na pocitani dvéma
zpusoby.

Proof. Empty. O
Véta 29. Graf K,, — e md (n —2)n"=3 koster pro n > 2.
Proof. Empty. O

Pocet koster k(G) grafu G = ({1, ...,n}, E) lze ur¢it pomoci determinantu. Uvazme Laplacian L(G) grafu
G, tedy matici L(G) = (L;;)%—,, kde

i,7=1>

deg (i) pokud i = j
Li; =<{ —1pokud (i,j) € E
0 jinak

Véta 30 (Kirchhoffova véta). VG : k(G) = det(L(G)Y), kde (L(G)YY) je Laplacidin L(G) bez 1. rtddki a 1.
sloupce.
6.2 Spernerova véta

Definice 26. Systém M C 2Um} podmnozin n-prokové mnoziny {1,...,n} je mezdvisly, pokud plati:
VA, Be M,A#B:AL BANADB.

Véta 31 (Spernerova véta). Kazdy nezdvisly systém v 2107} obsahuje < ([ZW) mnoZin a tento odhad je tésny.
2

Ekvivalentné: Nejdelsi antiretézec v (2{1"“’"}7 <) md prdvé ((Z]) proki.
2

Proof. Empty. O
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Chapter 7

Uvod do Ramseyovy teorie

"Kazdy velky systém obsahuje homogenni podsystém” dané velikosti.

Definice 27. Obarveni mnoZiny X r barvami (zkrdcené r-obarveni) je libovolné zobrazend piirazujict kaZdému
prvku z X jednu z r barev.

Véta 32 (Dirichletuv princip, Pigeonhole principle). Vr,ni,...,n, € N: obarvime-li proky mnoZiny X r
barvami, pak je-li | X| > 1+ (n; — 1), X obsahuje n; proki i-té barvy.

Proof. Trividlni. O
Co kdybychom chtéli obarvit dvojice?

Definice 28. Pro k,l € N bud R(k,1) nejmensi N € N takové, e kazdé 2-obarveni (BUNO: cervené a modré
obarveni) E(Ky) obsahuje cervené Ky nebo modré K, jako podgraf.

Véta 33 (Ramseyova véta pro 2 barvy). Vk,l € N: R(k,l) je konecné. Dokonce R(k,l) < (k:if) = (kltl;z)
Proof. Empty. O

Uréit Ramseyovska ¢isla R(k,1) presné je velice obtizné (uz pro malé piipady). Zndmé ¢éisla R(3,3) = 6,
R(4,4) = 18.

Véta 34. Vk > 3: R(k, k) > 2F/2
Proof. Empty. O

Rozsiteni Ramseyovy véty na vice barev a také na barveni p-tic vrcholi.

Definice 29. Pro ¢isla p,r,ny,...,n. € N (p - velikost barevngch mnoZin, v - pocet barev, n; - velikost
1-barevngch podstruktur, které chceme najit) definujeme **Ramseyovo ¢islo** Rp(ni,...,n,) jako nejmensi
N € N takové, Ze pro kazdou mnoZinu X s |X| > N a kazdé r-obarveni mnoZiny (i) existuje i € {1,...,n} a

Y C X takové, Ze |Y;| = n; a vSechny p-tice z (’;) maji i-tou barvu.
Véta 35 (Ramseyova véta pro p-tice). Pro kaZdé p,r,n1,...,n, je Ry(n1,...,n,) konecné.

Proof. Empty. O

7.1 Aplikace - Erdosova-Szekeresova véta

Definice 30. P = konecnd mnoZina bodi v roviné R?. P je v obecné poloze, pokud neobsahuje 3 body na
primce. P je v konvexni poloze, pokud tvori mnoZinu vrchold konvexniho mnohotuhelniku.

Lemma 36. KaZdd mnoZina 5 bodii v R% v obecné poloze obsahuje 4 body v konvexzni poloze.
Proof. Empty. O

Véta 37 (Erdosova-Szekeresova véta). Pro kazdé r € N existuje nejmensi ES(r) € N takové, Ze kaZdd konecnd
mnozina s > ES(r) body v R? b obecné poloze obsahugje r bodii v konvexni poloze.

Proof. Empty. O
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Erdésova-Szekeresova domnénka je ze Vr > 2 : ES(r) = 2"~2 4+ 1. Zatim se zna, Ze to je dolnf odhad a hornf
jako < 27to(r),

Véta 38 (Nekonecnd verze Ramseyovy véty). Pro kazdé p,r € N a pro kazdé r-obarveni mnoZiny (ﬁ) existuje
nekonecnd A C N takovd, Ze vSechny jeji p-tice maji v daném r-obarveni stejnou barvu.

Proof. Empty. O
Nekonecnd verze implikuje koneénou. D4 se dokazat sporem, my si ji ukdzeme pron; =--- =n, =n.

Lemma 39 (Konigovo lemma). V kaZdém zakorenéném stromé, ktery md nekoneéné mnoho vrcholi ale jen
konecné stupneé existuje nekonecnd cest zacinajici v koreni.

Proof. (implikace koneéné véty) Empty. O
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Chapter 8

Samoopravné kody

Definice 31. Abeceda Y. = konecnd mnozina symboli, slovo délky n = posloupnost n symboli, X" = mnoZina
vsech slov délky n.

Definice 32. Hammingova vzddlenost: x,y € X" : d(x,y) = i € {1,...,n} : x; # y;|, neboli pocet pozic,
kde se x ay lisi. d je metrika a tedy (X", d) je metricky prostor.

Definice 33. (Blokovy) kod je C C ¥™ a proky C jsou kédova slova. Pomoci C umime opravit < t chyb,
pokud Yy € X"Inanejuys 1 slovox € Ct.z2.d(x,y) < t.

Definice 34. Parametry kodu:
1. délka = n,
velikost abecedy q = |X|,

dimenze k = log, [C],

™ot

vzddlenost d = ming 4 ec zta d(z,z').

Kéd s parametry n, k,d, q znacime (n,k,d),.
V kédu s parametry (n,k,d), dokdZeme opravit < L%J chyb. Mnoziny slov ve vzdalenosti < L%j od
kédovych slov jsou navzajem disjunktni. Pokud d < n, tak dokdZeme opravit < |21 ].

Priklad. 1. opakovaci kéd: kazdy symbol n-krat zopakujeme, paramtery: (n,1,n),

2. charakteristicky vektory KPR

o kédova slova P - {0,1} - vektor, kde na pozici z je 1 <> x € P

e (X,P)-KPRtddun

o parametry: (n? +n + 1,logy(n? +n +1),2n),

e | X|=n?’+n+1lalCl=P=n?+n+1

e d=2n

e 2 kédove slova sdili jednu jednicku, na zbytku se lisi na 2n pozicich
3. hadamardovy kédy

 hadamardova matice ¥ddu n je H € {-1,1},kde H - H' =n -1,

o kazdy 2 rtzny fadky se 1lis{ na n/2 pozicich

o zvolme C = {fadkyH } U {—FadkyH }

o parametry: (n,1+logy(n), 5)2

17



Sylvestrova konstrukce hadamardovy matice:

H, H,
Hadamardova domnénka: pro Vk € N3 hadamardova matice radu 4k

Kédy C,C’ jsou ekvivalentni, pokud se lis{ jen pofadim pozic. M € S, : X = (1,...,2,) € C < II(X) =
(Xuy,..., Xp(n) EC- Pro jaké parametry existuje k6d?

Definice 35. Kombinatorickd koule je sttedem X € ™ a polomérem t je B(X,t) = {y € " : d(z,y) < t}.
Lemma 40. Je-li C' kdd se vzddlenosti 2t + 1, pak VX, X' € C : B(X,t)N B(X',t) = 0.

Proof. Sporem - 3z € B(x,t) N B(2',t) = d(z,2') < d(x,2) +d(z',z) < t+t=2t, kde d(z,2’) je > 2t + 1,
takze celkove je 2t + 1 < 2¢. O

Véta 41 (Hammingiv odhad). V kdéd C' s parametrama (n, k,d), plati, Ze

q'n/
Svm-
Proof. d =2t+1 = koule okolo kédovych slov s polomérem ¢ jsou disjunktni. = |C|- |V (¢)| < |Z"]| =

02 a7
€l < vy = var- -

Definice 36. Perfektni kéd = kid s parametry (n,k,2t + 1), a s |C| =

Opakovaci kéd s ¢ = 2 a lichou delkou.

Véta 42 (Gilbertv - Varshaltuv odhad). Vn,q,d € N: 3 kéd C s parametry (n, k,d)q, kde |C| > #n_l).

Proof. Staci iterativné odebirat slova z ™ spolu se slovy v Hammingové vzdalenosti < d — 1. Proces skon¢i po
> % krocich, protoze odebirané koule jsou nanejvys disjunktni. O
Definice 37. Linearni kody - joko abecedu pouZit konecné téleso K = X™. Podprostor vektorového prostoru
K" s parametry n, k,d, q znacime [n, k, d,.

Priklad. 1. opakovaci kédy nad Z, [nejsou linearni]

2. charakteristicky vektory KPR, [nejsou linearni]

3. hadamardovy kdédy [obecné ne, ze Sylvestrovy konstrukce ano]

8.1 Linearni kédy

Vime, ze kazdé téleso K odpovidd Galoisovu télesu Fy. Vz,y,z € K" : d(z,y) = d(z+ 2,y + 2) = d(x —y,0). =
minimalni vzdélenost d se rovnd ming yec a2y {d(z — y,0) = mingec o20{d(z,0)}}. = ke zjisténi d neni t¥eba
zkoumat vsechny dvojice, sta¢i pocitat nenulové slozky kédovych slov. Vyhodou linedrnich kédi je tsporny
popis, namisto vsech ¢" prvka kédu sta¢i uvést r prvku néjaké jeho baze.

Definice 38. Generujici matice kédu C = matice M € X" jejiz radky tvori bizi kédu C. 'V prostoru Fy
definujeme skaldrni souin < x,y >= 1" xy; pro x = (T1,...,2n),y = (Y1,...,Yn) € F}. Nejednd se o
klasicky skaldrni soucin podle klasické definice, protoze neplati < x,x >=0< x =0 (treba x = (1,1,0,0) nad
F3).

Definice 39. Dudlnim kodem k linedrnimu kédu C' je jeho ortogondlni doplnék.

J‘:{:EGIE";L <z, y >=0 pro kazdé y € C'}

Z povahy naseho skaldrniho sou¢inu nemusf platit CNC+ = {0}. Plati dim(C*)+dim(C) =na (CH)*+ =C.
Generujici matice M+ kédu C* se nazjva kontrolni matice. Radky kontrolni matice uréuji linedrni rovnice,
které musi kazdé slovo z C' spliiovat (a naopak kazdy vektor z Fy, ktery je spliuje, je kodovym slovem v C’).
Nebo-li C = {z € F} : Mtz = 0}.

Mgjme linedrni kéd C' s parametry [n,r,d],.
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8.1.1 Kodovani linearni kédy

Ze vstupniho slova z € Fy chceme vytvofit kédové slovo € C C Fy. Necht M € F{*" je generujici matice
kédu C'. Pro kazdy linearni kéd existuje ekvivalentni kéd, jehoz generujici matice mé tvar:

(Ir B)

Kde vyska je r a §fika n. Riké se ji standardni forma. Stadi generujici matici upravit Gaussovou eliminaci
a popiipadé zpermutovat sloupce. = BUNO: Matice M je ve standardni formé. Jako kédové slovo zvolime
r = M"z € C. = z mi na prvnich r soufadnicich slovo z (indormaéni symboly) a na zbylych n — r
soutradnicich obsahuje kontrolni symboly.

z

I, z
BT .
8.1.2 Dekoédovani linearnich kéda
Po odesldni x € C bylo prijato y € Fy. Pifjemce znd pouze y a chce najit kodové slovo, které je mu nejbliz.
Necht M je kontrolni matice kédu C, pokud je matice Mve standardni formé pak:
M* = (=BT I,-,)

kde sitka je r a vyska n — r, protoze pak M*MT = —BTI, + I,_,B" = 0. Jako syndrom slova
y € Fy nazveme soucin M+ty, protoze C = {z € Fy - M*tz = 0}, tak madme uréené linedrni zobrazeni
S Fy — TP~ spliwjici C = Ker(S). Zobrazeni S nazveme syndrom. Zobrazeni S je na, protoze plati
dim(Ker(S)) + dim(Im(S)) = dim(F7), kde Im(S) je obraz S.

Lemma 43. Zobrazeni S je prosté na B(0,t) kde t = 451 ].
Proof. Empty. O

Podle lemma tedy k S | B(0,t) existuje inverzn{ zobrazeni S~ : S(B(0,t)) — B(0,t). S~! nenf linedrni,
ale jde popsat tabulkou s ¢"~* prvky z B(0,t) a v této tabulce je pro kazdy syndrom slova ulozeno néjaké slovo
s minimalni vahou a s danym syndromem.

Co vime:

1. Proy € B(x,t) mdme S(y —z) = S(y) — S(z) = S(y) (diky linearité a toho ze z € Ker(S)). Neboli y a
vznikla chyba y — r maji stejny syndrom.

2. Proy € B(x,t) mame y — x € B(0,t) a tedy y —x = S~(S(y — x)). Neboli vzniklou chybu jde vyjadiit
pomoci S.

Sa=y—(y—x)=y—S1(S(y—2)) =y — S (S(y)) nezévisy na z, pro dané y pomoci syndromu S(y)

dokazeme urcit kodové slovo z, ze kterého vzniklo, nastalo-li <t chyb.

8.1.3 Jak dekédovat

Pro prijaté slovo y € Fy spocitat x = y — S=Y(M+ty), kde M~ je kontrolni matice a zobrazeni S~! mame
pripravené jako tabulku. Nastane-li < ¢ chyb, je x kédové slovo, ze kterého y vzniklo.

Tvrzeni 44. Vzddlenost d kédu C' = minimdlni pocet linedrné zdvislijch sloupci kontrolni matice M.

Proof. Vime, ze d = minimélni pocet nenulovych symbolfi v nenulovém slové z z C. z € C < M1z = 0 tedy
sliupce M~ vybrané nenulovymi slozkami z jsou linedrné zavislé. O
8.2 Hammingovy kédy

Priklad linearnich kéda, které jsou dokonce perfektni. Jejich nevyhodou je, ze nedokazi opravit prili§ mnoho
chyb. Napriklad nad télesem Fo. Méjme parametr r = 3. Generujici matice:

- -
M = Ior_pq -l -
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Kde [; jsou vSechny nenulové vektory z Fj riizné od vektort kanonické baze. Kontrolni matice:

Parametry matic jsou r a 2" —r—1. Dva vektory z F5\ {0} jsou linedrné zévislé < jsou totozné = minimaln{
pocet linedrné zavislych sloupctt v M+ je 3 a podle tvrzeni 13.2. je vzdalenost kédu 3. = jedné se o kéd s
parametry [27,2" —r — 1, 3]o, takZe opravi < 1 chybu

Priklad. Pro r = 3 dostaneme kod s parametry [7,4,3]2. Jednd se o kid sestaveny z Fanovy roviny piiddnim
pocatku a doplnki.

Hommingovy kédy jsou perfektni: sta¢i ukdzat, ze Hammingiv odhad |C| < qunt) je tésny. t = L%J =
=1LV =VA) =Yl ,=(g-1) =1+ (2 -1)=2". g5 =L =271 [0 =2 =271
takze Hamminguv je skute¢né pro Hammingovy kédy tésny.

Lepsi reprezentace funkce S—'. Tabulka reprezentujici S~ ma pouze 27" = 22" ~1-@"—r=1) —9r — 5 1]
prvki. Ve skutecnosti tabulku viibec nepotfebujeme. Zpermutujeme-li sloupce a fadky M+ pak, aby i-ty
sloupec byl bindrnim zépisem ¢isla 4, pak S(y) urCuje pozici na niz nastala chyba. = lze dékodovat tak, ze
pokud S(y) = 0, pak = = y, jinak je S(y) bindrnim zépisem ¢isla ¢ a pak x = slovo vzniklé z y vyménnou bitu,
ktery je v y na pozici i.
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Part 11

Kombinatorika a grafy II
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Chapter 9

Parovani v grafech

Definice 40. Pdrovdni v grafu G = (V, E) je mnozina hran M C E takovd, Ze kazdy vrchol z G je obsaZen v
nejuys jedné hrané v M. u(G) := velikost nejvétsiho pdrovdni v grafu G.

Definice 41. Vrcholové pokryti v grafu G = (V, E) je mnoZina vrchola T C V t.Z2. kaZdd hrana obsahuje
aspon jeden vrchol z T. 7(G) := wvelikost nejmensitho vrcholového pokryti v grafu G.

Cviceni. Necht G = (V,E) je bipartitni graf s partitami A, B,|A| < |B|, souvisly. Jaké nerovnosti (nebo
rovnosti) plati mezi u(G), 7(G), |Al:

. 1(G) < 14|
o u(G) =7(G) (plyne z Konig-Egarvaryho vety)
Pozorovani. u(G) < 7(G) v libovolném grafu G.
Cviceni. Dokazte:
1. 3G : u(G) £ 7(G)
o K4 s tim Ze uprostred je vrchol (md u(G) =2 a 7(G) =3)
2. VG : 7(G) < 2u(Q)
o v nejhorsim pripadé vezmu oba vrcholy vsech hran z M

Definice 42. Volny vrchol: vrchol nesousedici s Zddnou hranou z M. volnd stridavd cesta: cesta spojujici
dva volné vrcholy na niz se stridaji pdrovici(e M) a nepdrovdci(¢ M) hrany.

Lemma 45. Necht M je pdrovani v G. Potom M je nejvetsi pdrovini v G < v G neezistuje volnd stridajici se
cesta pro M.

Proof. = Pokud v G existuje VSC pak lze tyto hrany prehodit. Potom je to spor s tim, ze je nejvétsi. <= Necht
M neni nejvétsi potom existuje N vétsi parovani nez M. Uvazme graf s hranami M U N. Kazda komponenta
grafu je bud:

1. izolovana hrana v M N N
2. kruznice sudé délky, kde se stridaji M a N
3. cesta na niz se stiidaji M a N

Protoze |[N| > |M| v M U N musi byt komponenta K, kterd mé vic hran z N nez z M. K je cesta liché
délky, kterd zacind a konci hranou z N, tedy K je VSC pro M. O

Definice 43. Kytka v grafu G a pdrovdini M je podgraf tvoreny stonkem S a kvétem K, kde S je cesta sudé
délky mezi dvéma vrcholy x a y, kde x je volng a y € K, navic na S se stridaji pdrovaci a nepdrovaci hrany.
K je lichd kruznice, kterd neobsahuje Zddny vrchol z S a stridaji se na ni pdrovaci a nepdrovaci hrany (u y md
dvé nepdrovaci hrany).

Muze nastat ze t =y a S = {z}.

Pozorovani. Hrany z kvétu jsou nepdrovaci. Jinak by se nejednalo o pdrovdni.
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Definice 44. Kontrakce kvétu K nahradi K jednim vrcholem y, smaze vSechny hrany indukované K a kazZdou
hranu {u,v}, kde v € K a v ¢ K nahradi hranou {y,v}. Oznacme G.K graf vznikly z G kontrakcei kvétu K,
M.K pak parovani vznikle z M odstranénim vsech hran K.

Lemma 46. Necht M je parovani v grafu G obsahujici kytku se stonkem S a kvétem K. Potom M je nejvétsi
pdrovani v G < M.K je nejvétsi pdrovini v G. K.

Nebo-li: M md VSC v G & M.K ma VSC v G.K. Navic z VSC v M.K v G.K lze v polynomialnim case
najit VSC v M a G.

Proof. = (v alternativnim znén{) Necht P je VSC v M.K. Potom:

l.ye P=PjeiVSCvM

2. y je vnitini vrchol v P, potom lze nahradit obloukem z K (jsou dva oblouky, protoZe je tam celkové lichy
pocet hran, tak jedna cesta musi byt lichd a druhd sud4, tudiz to lze spojit)

3. y je koncovy vrchol v P, potom y musi byt volny, tudiz z = y, poté prakticky stejny postup jako u 2.

< G ma VSC = G.K ma VSC, pokud S ma délku 0, to jest y je volny vrchol. Nésledné to pak uz neni
cesta ale sled. Zacnu tedy z konce cesty a poprvé co se dostanu do y tak skoné¢im. MAS : Parovani v G vznikne
tak, Ze se na S prohodi parovaci a neparovaci hrany.

Pozorovani: V. MAS je kvét K kytka se stonkem délky 0. Pozorovani: |MAS| = |M|.

G ma VSC = G.K ma VSC, navic S ma délku 0. Stejné tak (G,M) ma VSC & (G, MAS) mi VSC
= (G.K,(MAS).K) m4d VSC < (G.K, M.K) ma VSC. O

Algorithm 1 NajdiVSCneboKytku

Require: Graf G = (V, E) parovani M
Ensure: Bud VSC P pro (G, M), nebo kytka SU K v (G, M), nebo "M je nejvétsi parovani v G”.

1: Pouzivame frontu vrcholi ‘F¢, pro kazdy vrchol € V' mdme hladinu h(z) € Ny a rodice r(x) € V.

2: Na zacatku ‘F* = (), h(x) a r(z) jsou nedefinované.

3: for kazdy volny vrchol = do

4: Zatad z do ‘F*, h(xz) = 0.

5: end for

6: Dokud ‘F* # (): odebereme z z ‘F*.

7. if h(z) je lichd. Necht y je vrchol spojeny s « hranou M. then

8: Pokud h(y) neni definované: h(y) = h(z) + 1, r(y) = z, zatad y do ‘F*

9: Pokud h(y) je sudé: to nemuZe nastat

10: if (1.3) Pokud h(y) je lichd: Pz = cesta x,r(z),r(r(z)),..., Py je cesta y,r(y),r(r(y)),... obé cesty
vedou az do volného vrcholu. then

11: Pokud Pz N Py = () tak potom Pz U Py U {z,y} je VSC, konec.

12: Pokud Pz N Py # () nasli jsme kytku Pz N Py N {z,y}, konec.

13: end if

14: else Pokud h(z) je sudé. Pro kazdy y t.z. {xy} ¢ M:

15: Pokud h(y) neni definovana: h(y) = h(z)+ 1, r(y) = z, vloz y do ‘F*
16: Pokud h(y) je licha, tak nedélej nic.

17: Pokud h(y) je sudd: najdi VSC nebo kytku jako v 1.3 konec.

18: end if

19: Pokud dojdeme do stavu, Ze F = ), napis "M je nejvétsi”, konec.

Lemma 47. Pokud NajdiVSCneboKytku napise "M je nejuétsi”, tak M je nejuétsi.

Proof. Pokud M neni nejvétsi, tak obsahuje VSC vgvy ... v, € V, dokdzeme indukci podle i, ze kazdy z vrcholu
vo ... vg dostal pfidélenou hladinu h(v;) splijici h(v;) = ¢ mod 2. Pro i = 0 vy je volny, tedy h(vg) = 0.
Hotovo. Pro ¢ > 0, i liché, indukéni predpoklad je h(v;—1) je sudd: tak z algoritmu bud uz v; méla lichou h(v;)
nebo ji dostala. (Kdyby sudé, tak vyhodi VSC nebo Kytku.) Pro ¢ > 0 ¢ je sudé, indukéni predpoklad, ze
h(vi—1) je liché: tak obdobné bude h(v;) sudé. Jisté k je liché, tedy h(vy) je lichd, ale vy je volny vrchol, tedy
h(vr) = 0 a to je spor. O

Definice 45. Perfektni parovdni v grafu G je pdrovdni v némz kazdy vrchol sousedi s prdvé jednou pdrovaci
hranou.
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Algorithm 2 ZvétsiParovani

Require: G, M

Ensure: parovani M’ v G, |M’| > |M| nebo "M je nejvétsi”
1: Procedura NajdiVSCneboKytku(G,M)
2: M je nejvétsi, tak konec
3: VSC, invertuji a zvétsi M, konec
4: if Kytka then

5: ZvétsiParovani(G.K,M.K)

6

7

8

M.K je nejvétsi, potom i M je nejvetsi
. M’ je vétsi parovani v G.K nez M.K: M* := M’ U (51 hran kvétu ) tak aby to slo.
: end lf

Algorithm 3 Algoritmus pro hledani nejvétsiho parovani

Require: G
Ensure: nejvétsi parovani v G
1: M := libovolné parovéni (bud préazdné, nebo hladové néjaké)
2: Opakuj ZvétsiParovani(G,M) dokud to jde. return Vypis nalezéné parovani.

Pozorovani. Perfektni parovdni je nejvétsi pdrovdni.
Pozorovani. Ne kazdy graf md perfekini pdrovant (trojihelnik).

Definice 46. Lichd komponenta grafu G je komponenta s lichgm poctem vrcholi. odd(G) := pocet lichijch
komponent v G. Pro graf G = (V,E) a mnozinu SCV :G—-S=(V\S,EnN (V;S))

Véta 48 (Tutte). Pro kazdy G = (V, E) plati G md perfektni pdrovini < VS CV : odd(G — S) < |S|. Druhd
cast se nazyvd Tutteova podminka.

Proof. = Necht G m4 perfektni parovdni M. Pro spor, necht 3S C V : 0odd(G — S) > |S|. Potom ale z kazdé
liché komponenty G — S vede aspoil jedna hrana z M do S, tudiz odd(G — S) < |S]| a to je spor. < Necht
G spliiuje Tutteovu podminku. Pozorovéni: odd(G) = 0, jinak spor S = (). Chci dokdzat, ze G m4 perfektni
parovéni a to pomoci indukce podle |(‘2/) \ E|.

Pro |(¥) \ E| =0: G je tplny graf, navic odd(G) = 0. Tudiz zjevné ma perfektni parovani. Pro |(‘2/) \ E| >
0:5:={x e V:deg(x)=|V|—1}. Rozlisim dva ptipady:

1. Kazdd komponenta G — S je uplny graf: G snadno najdu perfektni parovani, diky tomu, ze odd(G — S) <
5]

2. Existuje komponenta @) grafu G — S, kterd neni uplna. V @ lze najit dva nesousedni vrcholy z,y, které
maji spolecného souseda z ). Protoze z ¢ S, Jw : w nesousedi se z. Ozna¢me G = (V, EU {zy}),G2 =
(V. EU {zw}).

Pozorovani G, G4 splnuji Tutteovu podminku. Pak z indukéniho pfedpokladu G; méa perfektni parovani
M; a G2 mé Ms. Pokud M; neobsahuje hranu {zy}, tak M je perfektni parovani v G. Tak je to hotové.

Pokud ale {xy} € M; tak podobné predpokladdm, Ze {zw} € Ms. Uvazme graf H = (V, M1 U My): kazda
komponenta H je bud hrana patriici M; N Ms, nebo suda kruznice na niz se stfidaji hrany z My a My. V kazdé
komponenté H neobsahujici hranu {zy} muzu vrcholy sparovat pomoci hran M;. Necht C je komponenta
H obsahujici {xy}. Pokud C neobsahuje {zw}, vrcholy sparuji pomoci My, hotovo. Ve zbylém piipadu v C
pouzijeme jednu z hran {zy}, {zw} a zbytek lze sparovat pomoci M7 \ {zy} a Ms\ {zw}. Tedy G m4 perfektni
parovani. O

Definice 47. Graf je d-reguldrni, pokud vsechny jeho vrcholy maji stupen d.
Definice 48. Graf je (vrcholové) k-souvisly, pokud md aspori k+ 1 vrcholi a nemd vrcholovy tez velikosti < k.

Lemma 49. Necht G = (V, E) je graf, jehoZ kazdy vrchol md lichy stupen, necht A C V je mnoZina liché
velikosti. Potom G obsahuje lichy pocet hran z A do V' \ A.

Proof. S =2k + ven je soucet stupnu v A. Ten musi byt lichy. 2k je pro kazdou hranu, kterd ma oba vrcholy
v A. Tudiz ven musi byt liché. O

Véta 50 (Petersen). KaZdy 3-requldrni a 2-souwvisly graf md perfektni pdrovdni.
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Proof. Necht G = (V,E) je 3-regularni a 2-souvisly graf. Tvrdime: ¥S C V : odd(G — S) < |S]. Pro
S = () Tutteova podminka plati: |V| je sudd (z principu sudosti grafi) a taky souvisly = odd(G) = 0.
S # 0,1 := odd(G — S) necht Q1,...,Q; jsou liché komponenty G — S. Necht p je pocet hran mezi S a
Q1N ---NQ;. Pozorovani: p < 3|S| - plyne z toho, Ze je 3-reguldrni. Pozorovani: z kazdé @Q; vedou aspon 2
hrany do S to plyne z toho, zZe je G 2-souvisly, jinak by existovala artikulace. Pozorovani: z kazdé @; vedou
aspon 3 hrany do S. To plyne z lemma. = p > 3l = < |S]. A jest$ pouzit Tutteovu vétu. O
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Chapter 10

Kontrakce a minory

Definice 49. Necht G = (V, E) je graf, e = {x,y} € E pak kontrakce hrany e je operace, kterd vrcholy x,y
nahradi jednim vrcholem v. a pro kaZdy vrchol z € V \ {x,y} sousedici s x nebo y se hrany {xz},{yz} nahradi
{vez}. Vysledek se znaci G.e.

Lemma 51 (o kontrahovatelné hrang). V kaZdém 3-souvislém grafu G = (V, E), ktery neni izomorfni K,
ezistuje hrana e € E takovd, Ze G.e je opét 3-souvisly graf.

Tvrzeni 52. Pro kaZdou hranu e = {zy} € E ezistuje vrchol z € V\{x,y} takovy, Ze G—{x,y, z} je nesouvisly,
navic kazdy z vrcholi {x,y, z} md aspornt jednoho souseda v kaZdé komponenté G — {x,y, z}.

Proof. Vime, Ze G.e neni 3-souvisly, navic |V(G.e)| > 4 jinak je to K4, tedy existuje v G.e vrcholovy fez R
velikosti nejvyse 2. Jisté v, € R jinak by R byl fez v G> R # {v.} jinak by {z,y} byl fez v G. Tedy R = {v., z}
a {z,y,z} je fez v G. Kdyby napf. x nemél zddného souseda v n&jaké komponenté C grafu G — {z,y, z}, tak
G — {y, z} je nesouvisly, spor s tim, ze G ma byt 3-souvisly. O

Proof. Pro spor necht G = (V, E) je protipiiklad. Volme e = {z,y} € F a vrchol z € V, komponentu C grafu
G — {z,y, z} tak, aby C mélo co nejméné vrcholi. Necht w je vrchol C sousedici se z. Pro hranu f = {z,w}
pouziji pomocné tvrzeni: Jv € V \ {z,w} : G — {z,w,v} je nesouvisly a kazdd jeho komponenta obsahuje
vrchol sousedici s w. Necht D je komponenta G — {z,v,w} neobsahujici  ani y. Tedy D C C\ {w} : D
obsahuje souseda w, ten musi byt uvniti C, zddné cesta uvnitt D neobsahuje x,y, z, w tedy D je uvniti jediné
komponenty G — {z,y, z}, tedy D je uvnitt C, tedy i uvniti C'\ {w}. To je spor s minimalitou C. O

Véta 53 (Tutteova charakterizace 3-souvislych grafi). Graf G = (V, E) je 3-souvisly < 3 posloupnost grafi
Go, Gl, ce ,Gk, kde:

1. Go 2 K4,Gp =2 G.

2.Vi=1,...,k: G; obsahuje hranu e = {x,y} spojujici dva vrcholy x,y stupné > 3, deg(x) = deg(y) =3 a
Gi,1 = Gi.e.

Proof. ”=" Opakovana aplikace lemma o kontrahovatelné hrané.

7«<" Necht Gy, ...,Gy spliuje podminky na pravé strané. Dokazeme, ze vSechny grafy Gp,..., Gy jsou
3-souvislé. Indukci pdole i dokazeme, ze G; je 3-souvisly. ¢ = 0 : K, je 3-souvisly. i > 0 predpokladame,
7e G;—1 je 3-souvisly, pro spor necht G; neni 3-souvisly, Ju,v € V(G;) : G; — {u,v} je nesouvisly, navic
Jde = {z,y} € E(G;) = G;.e = G;_,. Piipady:

1. {u,v}N{z,y} =0 G;_1 pak neni 3-souvisly. Spor.

2. {u,v} = {x,y} pak G;_1 je l-souvisly. Spor.

3. {u,v} N {z,y}| = 1 BUNO: z = u: nelze, protoze deg(y) > 3, tedy komponenta G; — {u,v} obsahujici y
mé asponl 2 vrcholy, tedy G;.e = G;_1 ma fez {v,v.}. Spor.

O

Definice 50. Graf H je minor rafu G pokud H lze vyrobit z G posloupnosti mazdni hrany, kontrakce hrany,
mazdni vrcholu. Znaceni: H <,, G.

Definice 51. Graf F je déleni grafu H, pokud F vznikne z H tak, Ze se kaZdd hrana {z,y} € E(H) nahradi
cestou délky > 1.
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Definice 52. Graf H je topologicky minor grafu G, pokud G obsahuje néjaké déleni grafu H jako podgraf.
Znaceni H <; G.

Definice 53. Graf H je indukovany podgraf grafu G, pokud je H podgraf grafu G a zdrovern md vsechny hrany
puvodniho grafu indukované vrcholum grafu H. Znaceni H <; G. H je podgraf grafu G. Znaceni H C G.

Pozorovani. Plati implikace H <; G = H C G = H <; G = H <,,, G. Ale neplati Zadnd opacnd implikace.

Lemma 54. H = (Vy,Ey) je graf, Vg = {z1,29,...,21},G = (Vg, Eg) je graf. Potom H <,, G iff G
obsahuje k disjunktnich sowvisljch neprdzdnyjch podgrafi By, Ba, ..., By takovych, Ze pokud {x;,z;} € Ey, tak
G obsahuje aspori jednu hranu spojujici vrchol By s vrcholem B;.

Proof. Danou vlastnost si oznac¢ime jako vlastnost p. ”<” Zkontrahuji vSechny hrany v B;. Nadbytecné hrany
a vrcholy odstranim. ”=" Necht H <;s G, tj. existuje posloupnost grafi Go,G1,...,Gp, kde H = Gy,Gp, =G
aproVi=1,...,p: G;_1 vznikne z G; smazanim hrany nebo vrcholu anebo kontrakeci hrany. Dokazeme indukci
podle t =0,...,p, ze G; ma vlastnost p. : =0:Vj =1,...,k: {z;} = B;. i > 0 predpoklddejme G;_; spliuje
vlastnost p. Pak priddanim vrcholu nebo hrany - nic nedélame, zustavaji stejné. Dekontrakce hrany. Pokud neni
v B; tak hotovo (zistane stejné). Pokud ale je v B; tak oba nové vrcholy pfiddme do B; a ostatni stejné. [

Definice 54. Pro uspordddni < a mnozinu grafi F = {F1,F,,...} oznacim Forb<(F) := {G graf,VH € F :
H £ G}. (Plyne ze slova Forbidden, nebo-li zakdzané.)

Definice 55. Trida grafi G je uzavrend vici usporadini < pokud VG € GVH < G:H €G.
Pozorovani. Trida G se dd prepsat jako Forb<(F) pro néjakou mnoZinu F iff G je uzaviend vici <.
Fakt. Rovinné grafy jsou uzavrené vuci C, <;, <, <m-

Piipomenut{: G = (V, E) rovinny, souvisly, mé nakresleni majici f stén, potom |V|— |E|+ f = 2. Pokud
|[V| > 3 tak |E| < 3|V| — 6. Pokud |V| > 4 a G neobsahuje trojuhelnik jako podgraf, tak |E| < 2|V| — 4.

Véta 55 (Kuratowski, Wagner). Pro graf G = (V| E) je ekvivalentni:
1. G je rovinng,
2. G € Forb<, (K5, K33),
3. G € Forb<, (Ks5,K33).

Proof. 1 = 2 : G je rovinny = kazdy topologicky minor je rovinny = K5 £, G A Kzz £ G = G €
.FOI'bSt (K5,K3’3).

1 = 3: Obdobné jako predchozi.

3=2:H<, J=H<, Jataky H £, J = H %, J. J € Forb<, (H) = J € Forb<,(H) nebo-li
Forb<, (H) C Forb<,(H).

2 = 3 : Pripomenuti: Pro graf H s maximalnim stupném < 3. H <; G & H <,, G. A taky K5 <,, H =
((Ks <t H)V (K33 <¢ H)). Pak dokdZeme obménu (=3 = =2) K5 <,,, GV K33 <,, G = K5 < GV K33 <,
G=G ¢ ]:OI'b(Kg),Kg’g.

3 = 1 Indukei podle |V|. |V]| < 4 : Jisté G ke rovinny. Pfedpoklad, ze |V| > 5 a G € Forb<

<m (K5, K33).
Necht k je vrcholova souvislost. Rozlisime pripady:

1. k£ = 0: kazda komponenta je dle indukéniho predpokladu rovinnd = G je rovinny.

2. k = 1: Lze rozdélit graf G na dva grafy G1, G2 podle dané artikulace x. S tim, ze oba grafy maji i dany
vrchol z. Podle IP jsou oba grafy rovinné, navic jdou nakreslit tak, Ze x bude vZdy na vnéjsi sténé (pomoci
projekce na sféru), potom je muzeme “slepit” dohromady a mame stéle rovinny graf.

3. k = 2 Obdobné rozdélim graf na G1, G a z nich vytvoiim G := Gy U{zy} a G := GoU{xy}. Nésledns
tvrdim: G{,G3§ € Forbe, (K5, K33). G1 i Go obsahuje cestu P, a P» z = do y (jinak by x nebo y
obsahovalo Tez).

m

e G <., G (dokonce G <, GLUP, C G).

o GT € Forb<, (K5, K3 3) kdyby napf. K5 <, G;r <m G, tak K5 <,,, G a to je spor. Dle IP Gf i G;r
jsou rovinné, oba se daji nakreslit tak, ze hrana {zy} je na vnéjsi sténé. Nasledné pak slepim G a
G a popiipadé smazu hranu {zy} a ziskdm rovinny graf.

4. k > 3 : G je 3-souvisly: Fakt: v rovinném nakresleni 2-souvislého grafu je kazda sténa ohrani¢ena kruznici.
A taky lemma o kontrahovatenlné hrané: Je = {zy} € E takovd, ze G.e je 3-souvisly, tedy G.e — v, je
2-souvisly.
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e Pozorovani: G.e—v. = G—{z,y}. Dle IP G.e je rovinny. Zvolme rovinné nakresleni G.e. V G.e—v, je
sténa, z niz byl smazan v, ohranic¢end kruznici C. Do stény ohrani¢né C nakreslime vrchol z. Kazdy
soused v, v grafu G.e lezi na C, tedy kazdy soused x v grafu G ruzny od y lezi na C. OznaCme
N¢(x) : sousedé z na C' a podobné N¢(y). Ted rozdélme piipady.

(a) |Nco(z) N Ne(y)| > 3 : to nelze, C U {z,y} indukuji déleni K.

(b) Jai,a2 € Ne(z),b1,b2 € Ne(y) : [{a1,a2,b1,b2}| = 4 lezi na C' v poradi ai, b1, as,bs: to taky
nelze, pak je tam Kj 3.

(¢) Nenastane ani jedna z predchozich moznosti. Vrcholy N.(z) rozdéli C na cesty Py, Ps, ..., Py, 3j :
Ne(y) € B

O
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Chapter 11

Kresleni grafii na plochy

Definice 56. Necht X C R™,Y C R™. Zobrazeni f : X — Y je homeomorfismus pokud [ je pojitd bijekce
X naY a f~' je spojitd bijekce Y na X.

Definice 57. XY jsou homeomorfni, pokud existuje homeomorfismus X na'Y. Znacim X 2Y.
Fakt. Homeomorfismus zachovdvd kompaktnost, uzavienost a otevrenost. Omezenst vsak ne.
Definice 58. Plocha je souvislda kompaktni 2-rozmérnd varieta bez hranic.

Priklad. Piiklady: sféra, torus. Nepiiklady: R2, otevieny kruh, dvé separatni sféry.

Definice 59 (operace s plochami). 1. Priddni ucha:

e 7Odebrdni dvou kruhi a priddnim vdlce mezi ne.”

o Na diagramu se kresli, Ze maji orientaci opacnym smerem.
2. Priddnd krizitka:

o "Odebrdni jednoho kruhu a pridani krizitka, tj. Ze se jeden bod propoji s presné opacnym bodem na
druhé strané, ale nikdy se neprekrizi.”

Definice 60. Orientovatelnd plocha rodu g, znacend X,(g > 0), je plocha vznikld ze sféry priddnim g usi.
Definice 61. Neorientovatelnd plocha rodu g, znacend II,(g > 1), je plocha vznikld ze sféry priddinim g
krizitek.
Fakt. Plocha vznikld ze sféry priddnim k > 1 krizZitek a 1 > 0 ust je 4.
Fakt. Kazdd plocha je homeomorfni prdave jedné plose z posloupnosti g, 111,31, 1o, . ...
Definice 62. Zndmé plochy:
e Y je sféra.
o 3 je torus.
e Y5 je dvojity torus.
o II; je projektivni rovina.
o Il je kleinova ldhev.
Definice 63. Nakresleni grafu G = (V, E) na plochu I je zobrazeni G, které:
1. wvrcholim x € V priradi bod T € T,
2. hrané e = {xy} € E priradi krivku € C T spojujici T a . ("Krivka” je homeomorfni kopie intervalu [0,1].)
Navic plati:
1. zyyeVie£y=2T#7y,

2.proxeVecE:x€e=xE€e,
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3. proe,feEe#f:enf#b=enf={z}, kdeen f = {z}.
Definice 64. Sténa je souvisld komponenta I'\ (U, TU U cp€)-
Definice 65. Nakresleni je burikové (2-cell), pokud kazdd jeho sténa je homeomorfni otevienému kruhu.
Fakt. Nakresleni G na Xg je bunkové iff nakresleny graf je souwvisly.

Definice 66. FEulerova chrakteristika plochy I' znacend x(T'), je:

| 2-2g prol'=},
X(F){Q—g pro ' =TI,

Véta 56 (Zobecnénd Eulerova formule). Necht G je burikové nakreslent grafu G = (V, E) na plose T a oznacéme

hG) =|V|],e(G) = |E|, f(G) = # stén G. Potom h(G) — e(G) + f(G) = x(I").

Proof. Piedpokladame, ze I' = ¥, (pfipadné I = II, je podobny). Indukei podle g. - g = 0 : Eulerova formule
pro rovinné grafy. Hotovo. g > 0 : Zafixujeme si ucho reprezentované kruZnicemi u,u’. Necht eq,es, ..., e
jsou hrany kifZic{ u,w v pofadi danym orientaci u,u’ (e1,es,...,ex nejsou nutné ruzné). Jisté k > 1, jinak
by nakresleni nebylo buiikové. Oznac¢me LS(G) = n(G) — e(G) + f(G). Necht Gy vznikne z G tak, Ze se na
kazdou e; pridaji délici vrcholy z; a y;, tésné k u a u'. LS(G1) = LS(G). Necht Gy vznikne z Gy tak, Ze pro
Vi = 1,...,k priddm cestu délky 3 z x; do z;41 a z y; do y;4+1 & xx do x; a yi do y;, cesty jsou tésné u u
a u'. LS(G2) = LS(G1). Gs nakresleni na X,_; vzniklé z G, odstranénim u,u’ a vSech hran, které ho kiizi.

n(G2) = n(Gs), e(G2) — k = e(Gs), f(G2) = f(Gs) — 2+ k. LS(Ga) = LS(Gs) — 2 =T x(Sy1) —2=x(Z,). O
Fakt. Pro neburikové nakresleni G plati: h(G) —e(G) + f(G) > x(T).
Disledek. Necht G + (V, E) je graf, ktery mé nakresleni G na T, necht |V| > 3. Potom:

L |B| < 3IV] - 3x(T),

e . 2|E|
2. (prumérny stupen G = W)S 6 — =97

Proof. BUNO G je buiikové, kazda sténa je incidentn{ s aspoti 3mi hranami, kazd4 hrana je incidentni s nejvys

|dvo|éma1 |sté|nami. Tedy 3f(G) < pocet incidenci “hrana-sténa”™ < 2e(G) = f(G) < 2e(G). Tedy: x(I') <

V|- z|E|. O
3

Definice 67. Pro plochu I" oznacme:

e {5 + /49 — 24X(1“)J
o 2

Véta 57. Necht T je plocha, I' 2 3y. Potom kazdy graf, ktery ma nakresleni na T' obsahuje vrchol stupné < Hp.

Proof. T' 2 TI; : prumérny stupen nakresleni G na I" je < 6 — % < 6 = 3 vrchol stupné <5 = Hp,. I' =1,
nebo I' & 3, : prumérny stupenn < 6. Hotovo. x(I') < 0 : Méjme nakresleni G na I, uvazme pro minim4ln{
stupen § nakresleni G dva odhady.

1. 6 <6— &)

= n(9)

2.6<n(g)—-1
tedy § < min{6 — 675‘(((5),71(9) — 1}. Budeme zkoumat max,cn(min{6 — 62‘((5)),71(9) — 1} < do]). Hleddme
ng:6—6);—(:):n071<:>6n076)<(11):n%fnoﬁng—7n0+6x(F):O. n0:7+7 W. 0p=ng—1=
5+/29—24x(1) L)

5 .
Definice 68. Graf G = (V, E) je d-degenerovany, pokud kazdy jeho podgraf obsahuje vrchol stupné < d.
Dusledek. Kazdy graf nakreslitelny na plochu I' 2 ¥y je Hr-degenerovany.

Pozorovani. Kazdy d-degenerovany graf md barevnost < d + 1.

Dusledek (Heawood). Kazdy graf nakreslitelny na I' 2 ¥y m4 barevnost < Hp + 1.

Fakt (Ringel-Youngs). Na kazZdou plochu T % Iy se dd nakreslit K 41.
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Chapter 12

Barveni graftu

Definice 69. Znaceni:
o A(G) - nejvétsi stupen v G
e 0(G) - nejmenst stupen v G
o X(G) - barevnost G
o d(G) - degenerovanost G, nebo-li nejmensi d € Ny takové, Ze G je d-degenerovany.
o G je d-degenerovany: kazdy jeho neprdzdny podgraf md vrchol stupné < d.
Pozorovani. §(G) < d(G) < A(G)
Pozorovéni. x(G) <d(G)+1<A(G)+1

Lemma 58. Necht G je souvisly graf, ktery md aspor jeden vrchol stupné mensiho nez A(G). Potom x(G) <
A(G).

Proof. Necht x € V(G) je vrchol stupné < A(G). Tvrdim: 6(G) < A(G) — 1. Zvolme libovolny podgraf H.
Dva pripady:
1. x € H tak hotovo, protoze degy (x) < degn(z) < A(G) — 1.

2. x ¢ H ProtoZe G je souvisly, tak existuje y € V(H), ktery ma v G souseda, ktery nepatii do H degy(y) <
degg(y) — 1 < A(G) — 1 = x(G) < d(G) + 1 legA(G).

O
Véta 59 (Brooks). Pro kazdy souvisly graf G, ktery nend ani dplng graf ani lichd kruznice, plati x(G) < A(G).

Proof. Necht k je vrcholova souvislost G. Potom zavedeme A := A(G).

Pokud k£ = 1, tak existuje artikulace x. Graf G rozdélime na G; a G5 podle dané artikulace s tim, ze
x je v oubou grafech. Z toho pak plyne, Ze degg, () < A a degg,(r) < A. Pak po pouziti lemma mame
X(G1) < AAx(G2) < A : obarvim G obarvenim f; pomoci A barev, stejné i pro Ga s fa. BUNO: f; (x) = fa(z),
jinak udélam permutaci barev. Pak mam obarveni celého G.

Pro k = 2 udélam to stejné, akorat rozdélim grafy podle x,y, které jsou pravé vrcholovym fezem grafu G.
BUNO: degg, () > degg,(x). Pozndmka: podgrafy G's A(G) < 2 véta plati, predp. A(G) = A > 3. Nyni

mam moznosti:

1. {xy} patii do E(G) (i E(G1) A E(G2)) pomoci lemma obarvime G; i G3 pomoci A barev,  mé jinou
barvu nez y a dostanu i obarveni G.

2. degg, () < A —2nebo degg, (y) < A — 2, piiddm {zy} a pofdd plati obarveni pomoci lemma.

3. degg, (v) = degg, (y) = A — 1 = degg, (z) = degg, (y) = 1, tak misto 2y pouziji {vy}, kde v je soused
z Go. déle viz 2).

k > 3 : G souvisly, neni uplny = G obsahuje 2 nesousedici vrcholy = a y, které maji spole¢ného souseda z.

G — x — y je souvisly, tedy jeho vrcholy lze usporadat do posloupnosti vy, ve, ..., v,_2 tak, ze v,_o = 2z a kazdy
v; € {v1,...,v,_3} md aspon jednoho souseda mezi v;11, ..., v,—2. Vrcholy tedy usporddam x, y, v1,ve, ..., Up_2
a obarvim G hladové zleva doprava pomoci A barev. O
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Definice 70. Hranové obarvent grafu G = (V, E) je funkce f : E — 7 takovd, Ze pro 2 rizné hrany e, e’ € E
sdilejict vrchol plati f(e) # f(e'). Hranovd barevnost grafu G znadend x.(G) je nejmensi k takové, Ze G md
hranové obarveni pouZivajici k barev.

Definice 71. Line graph znacen jako L(G) vznikne z grafu G.

LG = (Edefy € (5 )ienf£0)

Pozorovani. x.(G) = x(L(G)) < A(L(G)) + 1 <2A(G) — 1
Véta 60 (Vizing). VG : x.(G) < A(G) + 1

Proof. M&jme G = (V, E), A = A(G). Necht H = (V, E) je co nejvétsi podgraf G, ktery lze hranové obarvit
pomoci A + 1 barev, necht fy je takové hranové obarveni. Pokud H = G jsme hotovi. Pro spor necht existuje
eo = {xyo} € E\ Ey. Reknu, ze barva 8 € {1,2,...,A + 1} je *volna* u vrcholu w, pokud 7adné hrana H
incident{ s w nema barvu 8. Pozorovini: Kazdy vrchol ma > 1 volnou barvu. Necht eg,eq,ea,..., €k je co
nejdelsi posloupnost ruznych hran, kde e; = {zy;}, pro kazdé i = 1,...,k : fu(e1) je barva, kterd je volnd u
y;—1. Necht 8 je volna barva u y;. Pak jsou pripady:

1. Bjevolnd u x

o ep obarvim fapro j=0,...,k— 1 hranu e; obarvim fg(ej+1). To je ale spor s maximalitou H.
2. B je pouzitd na néjaké hrané € incidentni s x, nepatiici do {eg,e1,...,ex}

e ept+1 := € Opét spor s maximalitou eg, ey, ..., eg.
3. B je pouzitd na né¢jaké hrané e; € {eq,...,ex_1}

e Necht « je volna barva u z. Dle predpokladu a # 8. Necht P je co nejvétsi souvisly podgraf H
na jehoz hranich jsou jen barvy a a 8 a ktery obsahuje hranu e;. P mé maximalni stupen < 2,
degp(z) =1 = P je cesta, kterd mé zacCitek v x.

o Necht z je druhy konec P. Uvazujeme obarveni f : Ey — {1,...,A + 1} vznikne z fy tak, 7e na
P prohodime barvy a a 8. 2 podpriklady:

(a) z=yj1:V fuje Bvolnd u ziu ys ajevolnd uy;_; a pouzitd na e; = nastédvd pifpad 1)
pro ep, ..., €.
(b) z# yj—1: v fu je B volnd u z i u y;_1 = nastdvd pfipad 1 pro eg,...,ej_1.

12.1 Perfektni grafy

Definice 72. Znaceni:
e w(G) - klikovost G, nebo-li velikost nejvétsi kliky v G.
e a(G) - nezavislost G, nebo-li velikost nejvétsi nezdvislé mnoZiny v G
e Doplnék grafu G = (V, E) je graf G = (V, (‘2/) \ E).

Pozorovani.

Pozorovani. x(G) > w(QG)

Pozorovani. w(Coji1) > 2

Definice 73. Graf G = (V, E) je perfekini, pokud pro kazdy indukovany podgraf H grafu G platiw(H) = x(H).
Pozorovani. G perfektni graf, G' <; G = G’ je perfektnd.

Diisledek. G obsahuje Cyy41 nebo Copyq jako indukovany podgraf = G neni perfektni.

Véta 61 (Silnd véta o perfektnic grafech). G je perfektni iff G neobsahuje Copy1 ani Copyq1 (pro k > 2) jako
indukovany podgraf.
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Definice 74. Nezdvisla mnozina N v grafu G = (V, E) je rozlehld, pokud kazda klika G velikosti w(G) obsahugje
vrchol z N. Ekvivalentné: w(G — N) = w(G) — 1.

Lemma 62 (1). Pro graf G = (V, E) jsou ndsledugici tvrzeni ekvivalentni:
1. G je perfektni,
2. VH <; G : H md rozlehlou nezdvislou mnoZinu,

3. VH <; G,¥x € V(H) : H md rolehlou nezdvislou mnoZzinu obsahujici x.

Proof. 3 = 2 trividlné.

2 = 1 Necht G’ <; G a chceme w(G’) = x(G’). Obarveni G’ pomoci w(G’) barev najdeme takto: Nj je
rozlehld NzMna v G a té ddme barvu 1. Nésledné Ny := NzMna v G’ — Nj barvu 2 a tak déle opakujeme
dokud nemdme obarvené celé G'. w(G' — N1) = w(G’') — 1, w(G' — (N1 U N3)) = w(G’) — 2 a tak déle. Proto
pouzijeme pravé w(G’) barev. Hotovo.

1 = 3 Necht G je perfektni graf, méjme H <; G,Vx € V(H). Vime w(H) = x(H). Vrcholy H barvy f(z)
jsou rozlehla nezavisla mnozina. Kazda nejvétsi klika musi mit pravé jeden vrchol s danou barvou. O

Definice 75. Necht G = (V, E) je graf s vrcholem x. Necht k € N. Potom k-ndsobné nafouknuti vrcholu x,
kterd vytvori Gt takto:

1. Vrchol x se nahradi k-tici novijch vrcholi xq, ...z tvorici kliku.

2. Kazdy soused vrcholu x v G se spoji se vSemi x1,...,Tk.
Lemma 63 (2). Pokud G je perfekini a GT je jeho nafouknuti, tak i GT je perfektni.

Proof. Dokdzeme, ze VH <; G m4 rozlehlou nezévislou mnozinu. Pak je$té pouZijeme Lemma 1 a mame
hotovo. Volme H <; GT : Pokud H obsahuje nejvys jeden z x1,..., 7 tak H <; G, takie H méa rozlehlou
NzMnu dle Lemma 1. Predpokladejme, ze H obsahuje aspon dva vrcholy z x1,...,zr. Potom H je nfouknuti
néjakého H- <; G,z € V(H™). Dle Lemma 1, H~ obsahuje rozlehlou NzMnu N~ obsahujici z. BUNO:
x1 € V(H). Tvrdim: N := (N~ \ {z}) U {z1} je rozlehld NzMna v H. Jisté N je nezdvisla. Necht K je klika
H velikosti w(H). Pak jsou dvé moZnosti:

1. KN{xzy,...,zx} =0 v tom pifpadé je K i nejvétsi v H~, tedy N~ N K # @, dokonce (N~ \ {z}) N K #
O, NNK #0.

2. KNn{zy,...,z} # 0 nutné K obsahuje vSechny vrcholy z {z1, s, ...,z } patiici do H, tedy i z1 € K,
tedy KN N = {z1} # 0.

Tedy N he rozlehla NzMna H. O
Definice 76. Znaceni: H <; G:= H <; G & H 2 G - H je vlastni indukovany podgraf G.
Véta 64 (Slabd véta o perfektnich grafech.). G je perfektni iff G je perfektn.

Proof. Sporem: 3 perfektni graf G = (V, E). ale G neni perfektni. Volme G tak, Ze |V| je co nejmensi. Tedy
VH <; G plati, ze H i H jsou perfektni. Jinak to je mensi graf co do velikosti |V|. Protoze G neni perfektni,
tak dle Lemma 1 3G’ <; G : G’ nemé rozlehlou NzMnu. Tvrdim, ze G’ = G, kdyby G’ <; G tak G’ neni
perfektni, ale G’ <; G tedy G’ je perfektni, spor s minimalitou G. Tedy G nemé rozlehlou NzMnu. Tj.
pro kazdou NzMnu N v G existuje v G klika velikosti w(G) disjunktni s N. Tedy pro kazdou kliku K v G
existuje v G NzMna velikosti «(G) disjunktn{ s K. Necht Q1,Qo,...,Q; je seznam vSech klik v G. Necht N;
je NzMna G velikosti «(G) disjunktni s @Q;, pro i = 1,...,t. Pro kazdy vrcholy x € V necht f(x) je pocet
indexti 4 € {1,...,¢} takovych, Ze z € N;. GT vznikne z G tak, Ze se kazdy vrchol z nafoukne f(z)-krat.
Vrcholy z € V' s f(z) = 0 se smazou. Dle Lemma 2 G je stdle perfektni. |V(GT| = ta(G) = ta(GT).
Vime: x(GT)a(GT) > |[V(GT)| = ta(GT). Tedy x(G*) >t — (1). Ale x(G") = w(G") — (2). Necht Q"
je nejvétsi klika v G, ta musela vzniknout nafouknutim néjaké kliky Q; v G. (3) — |Q™| = Eer,- flz) =
Yreq, Lit INe N {a} = YL, Yocq, INiN{a} = 221, 1Q; N N; < t — 1. Protoze Q; N N; = 0 dle definice
N; a dohromady (1), (2) a (3) je spor. O

Definice 77 (Ptipomenuti). Cdstecné usporddand mnozina (X, <), kde < je reflexivni, slabé antisymetrickd a
tranzitivni. Retézec: podmmnozina X, v niz kazdé dva prvky jsou porovnatelné. Antiretézec: podmnozina X,
v niz Zadné dva prvky nejsou porovnatelné. Také je dobré zndt Hasseho diagram.

33



Cviceni. Dokazte: Pokud kazdy tetézec v (X, <) md velikost < k, tak (X, <) se dd rodélit na < k, antitetézci.
— Indukct dle k (postupné se maZou mazimdind proky).

Definice 78. Pro ddstecné usporddanou mnozinu (X, <) definuji graf porovnatelnosti G« = (X, E), kde
E={{xy} € ()2() cx<yVy<az}.

Cviceni. Dokazte: G< je perfektni. Klikovost = nejdelsi 7étézec. Barevnost = pocet antiretézci. PouZiti
predchoziho cviceni.

Véta 65 (Dilworth). Pokud v ddstecné usporddané mnoziné (X, <) md kazdy antiretézec velikost 1, tak (X, <)
se dd rozdelit na <1 retézei.

Proof. Kazdy G< je perfektni = G< je perfektni. w(G<) <1 & x(G<) <1 =1 Nzmna — [ klik = Fetézce v
(X, <). O

Pozorovani. Bipartitni grafy jsou perfektni.

Definice 79 (Znadeni). m(G) := welikost nejvétsiho pdrovini v grafu G a vp(G) := wveliksot nejmensiho
vrcholového pokryti v grafu G.

Pozorovani. m(G) < vp(G)

Pfipomenuti: Konig-Egervaryho véta: G bipartitni: m(G) = vp(G).
Definice 80. Graf G = (V, E) je chorddlni, pokud neobsahuje kruznici délky > 4 jako indukovany podgraf.
Pozorovani. Graf G je chorddlni a H <; G = H je chorddlni.

Definice 81. Necht G = (V, E) je graf, necht x a y jsou dva nesousedni vrcholy v G. xzy-tez je mnoZina
RCV, tz x avy jsou v ruzngch komponentich G — R.

Lemma 66. Graf G = (V, E) je chorddlni iff pro kazdé dva nesousedni vrcholy x,y existuje xy-rez, ktery je
klika v G.

Proof. 7<=” Necht G neni chordalni. Chceme dva nesousedni vrcholy x,y, t.Zz. zadny xy-fez neni klika. Necht
G obsahuje indukovanou kruznici C délky > 4, necht x,y jsou nesousedici vrcholy na C. Vzdy musim odebrat
aspon 2 vrcholy z cyklu. Ale mezi nimi neni hrana a tudiz nemuze se jednat o kliku. S tim, Ze odstranéné
vrcholy musi prerusit dvé cesty Pi, P,. Kde P; a P, je rozdéleni C dle z,y.

"=" Necht G je chordalni, nechf z,y jsou dva nesousedici vrcholy. Necht R je xy-fez minimalni vzhledem
k inkluzi. Ukézeme, Ze R je klika v G. Sporem: necht existuji nesousedici vrcholy u,v € R. Necht G, Gy
jsou komponenty G' — R obsahujici = respektive y. Pozorovani: u i v mé aspoil jednoho souseda v G, i v Gy
z minimality fezu. Nechf P, je co nejkratsi csta z u do v jejichz vnitini vrcholy patii do G,. Podobné P,.
P, U P, je indukovana kruznice délky > 4, spor. O

Definice 82. Vrchol x grafu G je simplicidlni, pokud sousedi x tvori kliku v G.
Pozorovani. Vrchol stupné < 1 je simplicidlni.
Lemma 67. KaZdy chorddlni graf (s aspori jednim vrcholem) md simplicidlnd vrchol.

Proof. Dokdzeme: V chorddlni graf G = (V, E) je bud uplny nebo md dva nesousedn{ simplicidln{ vrcholy.
Indukei dle |V].

|[V| =1 G je tplny.

|V| > 1 Pokud G neni tplny (jinak trividlné plati). Volme z,y nesousedici vrcholy v G. Necht R je xy-Tez
tvofici kliky v G (Lemma). G, G, jsou komponenty G — R obsahujici « popfipadé y. G, G;‘ jsou podgrafy
G indukované G, U R respektive G, U R. IP: G} je bud tplny, nebo obsahuje dva nesousedici simplicidlni
vrcholy. V obou piipadech to znamend, ze G obsahuje simplicidlni vrchol s, nepatiici do R. Obdobné s, je
simplicidln{ vrchol v Gf nepatfici do R. V G maji s, i s, stejné sousedy jako v G} resp. G, tedy s, a s, jsou
dva nesousedici simplicidlni vrcholy v G. O

Definice 83. Perfektni eliminacéni schéma (PES — W ) grafu G je uspordddni vrcholi G do posloupnosti
V1, U2, Us,. .., U, takové, Ze Yi = 1,... ,n sousedi v; mezi {v1,...,v;_1} tvor? kliky v G. (Ekvivalentné: v; je
simplicidlni v indukovaném podgrafu G {vy,...,v;}.)

Véta 68. Ndsledujici vlastnosti grafu G = (V, E) jsou ekvivalentni:

1. G je chorddlni,
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2. VH <; G : H md simplic. vrchol,
3. G md PES.

Proof. 1 = 2 :VH <; G je chordalni = z Lemma H ma simplicidlni vrchol. 2 = 3 : Vezmu simplicidlni vrchol
v G ddm ho doprava v PES. Odeberu z G a takhle pordd opakuji. 3 = 1 : G s PES, pak kazda C' s |V| > 4 musi
mit chordu. Podivdm se na posledni vrchol v PES. Pak z vlastnosti PES musi mit pfedchozi vrcholy chordu. [

Duisledek. Dukaz 2 = 3 tika, ze v polynomidlnim c¢ase 1ze pro dané G najit PES nebo zjistit, Ze neexistuje.

Véta 69. Kazdy chorddlni graf je perfekini. Pro chorddlni graf G lze v polynomidlnim case zjistit w(G) = x(G),
spolu s nevétsi klikou a optimdlnim obarvenim.

Proof. Uz vime, ze lze vytvorit PES. Pro kazdy vrchol v PES plati, Ze jeho pfedchozi sousedi tvoii kliku a s
danym vrcholem tvori kliku o jedna vétsi. Pak jiz staci najit vrchol s nejvétsim poc¢tem predchozich vrchola
(znaceno k) a potom w(G) = k + 1. Pro spor vezmu nejvétsi kliku z algoritmu. Kdyby nebyl nejvétsi, tak lze
pridat dalsi, ale ten musi byt sousedem a tudiz ho algoritmus musel najit. Pro obarveni budu postupovat zleva a
danému vrcholu ddm nejmensi moznou barvu. Zaznaéim si nejvétsi barvu a novou barvu pridam jakmile vrchol
bude mit v predchozich vrcholech pravé tolik sousedti. Tim padem nikdy neprekroc¢im velikost maximalni kliky
a tedy x(G) = w(G). Najdu tedy obarveni, které je rovno klice a tedy je i perfektni. O
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Chapter 13

Extremalni kombinatorika

Definice 84. Pron € N a graf F definujeme ex(n, F) := nejuétsi pocet hran v grafu na n vrcholech, ktery
neobsahuje F jako podgraf. Nebo-li:

ex(n, F) =max{|E|;G = (V,E): |V|=n,F C G}

Definice 85. Turaniv graf T'(n,r) je uplny r-partitni graf na n vrcholech, jehoZ vsechny partity maji velikost
| 2] anebo [Z2]. Potom t(n,r) := pocet hran T(n,r).

Véta 70 (Turdn). Vn,r € N: ex(n, Ky41) = t(n, 1)

Proof. Pozorovani: T'(n,r) neobsahuje K, 11, tedy ex(n, K,11) > t(n,r). Staci dokdzat: ex(n, K,4+1) < t(n,r).
Necht G = (V, E) je graf na n vrcholech, K,41 ¢ G a |E| = ex(n, K,41). Tvrzenf 1: Kazdé 2 nesousedic
vrcholy x,y maji v G stejny stupen. Sporem kdyby deg(xz) > deg(y) tak y odstranim sousedy a pfiddm mu
sousedy . Ten m4 ale vice hran a protoze {z,y} ¢ E a s x nebyla klika, tak ted také zddné klika nevznikla
s y. "Nebo-li y nahradim kopif x.” Tvrzen{ 2: Definujeme relaci R := {(z,y) € V x V : {z,y} ¢ E}. Potom
R je ekvivalence. Jisté je R reflexivni, také symetrické. Pro spor predpokladejme, ze R neni tranzitivni:
dx,y,z: (z,y) € R, (y,2) € RA(x,2) ¢ R. Dle Tvrzeni 1: degq(z) = deg(y) = dege(z). Potom "nahradim x
a z kopiemi y”. A plat{ |E(G’)| > |E|. A G’ neobsahuje K, ; obdobnym argumentem jako u Tvrzeni 1. Nyn{
necht Pp, Ps, ..., Py jsou t¥{dy ekvivalence R. Tvrzeni 3: k = r (pokud n > r). k> r : tak K11 C G a to je
spor. k < r: tak lze partitu s > 2 vrcholy rozdélit na dvé mensi partity a priddme hrany mezi nimi a dostaneme
G, ktery K1 ¢ G' & |E(G')| > |E| opét spor. Tvrzeni 4: BUNO: |Py| < |Py| < --- < |P.|. Tvrdime, ze
|Pi| < |P:| + 1. Kdyby néjaké dvé partity byly odlisné > 2. Potom vezmeme pulku piebyteénych vrchold a
piehodime je do pfedchoz{ partity. Nésledné spojime hranami. Dostanu G’ kde K,+1 ¢ G a |E(G')| > |E|.
Pozndmka: (1+2)l < (I+1)(I+1). Shrnuti: G je uplny r-partitni graf, kde vSechny partity jsou skoro stejné
= G>T(n,r). O

Definice 86. Hypergraf je dvojice (V, E), kde proky E ("hyperhrany”) jsou podmnoZiny V.
Definice 87. Hypergraf je k-uniformni, pokud vsechny jeho hyperhrany maji k vrcholi.

Definice 88. f(n,k) := maz pocet hyperhran v k-uniformnim hypergrafu na n vrcholech, v némz Zddné dvé
hyperhrany nejsou disjunktni.

Pozorovani. Pron < k: f(n,k) =0.

Pozorovani. Prok <n <2k: f(n,k)=(}).
Pozorovani. Pron > 2k: f(n,k) > (Zj) (Vybereme predem jeden vrchol.)

Definice 89. Oznacme V ={1,2,3,...,n}, na V wvazujme sc¢itini modulo n. Interval je podmnozina V tvaru
{i,i+1,i4+2,...,i+k}.

Pozorovani. Pron > 2k mdme na V presné n intervali.

Lemma 71. Necht V ={1,2,3,...,n},n > 2k a G = (V, E) je k-uniformni hypergraf jehoZ kazdd hyperhrana
je interval a kaZdé dvé hyperhrany se protinaji. Potom |E| < k.

Proof. BUNO: I = {1,2,3,...,k} € E. Oznaéme Im={,j-1j-2...,j—k+1} a I;r ={j+1,j+
2,...,5+k}. Ijeprotnuti 17,15 ,.... I, | & If,];‘,...,[;‘_l. Navic z kazdé dvojice Ij_,If nejvyse jeden
patif do E, protoze I; N I;7 = 0. Tudiz |E| < k. O
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Véta 72 (Erdés-Ko-Rado). Pro libovolné k € N a n > 2k plati f(n, k) = (Zj)

Proof. Myslenka: G = (V, E) je k-uniformni hypergraf na n vrcholech, kazdé dvé hyperhrany se protinaji

n—1
— |E| < (Z:i) Ekvivalentné: (1) — |(f)‘ < (’E;)l) = % Lemma: Kdyz kazdd hyperhrana je interval |%| < %
k k

- (2). Tyto dva zlomky jsou vlastné pravdépodobnosti. Takze ndhodné oéislujeme vrcholy a mam stejnou
pravdépodobnost v obou piipadech. Dikaz: Méme n > 2k. Necht G = (V, E) je k-uniformni hypergraf v
némz azdé 2 hyperhrany se protinaji a |E| je co nejvétsi. Chceme dokazat |E| < (Zj) Necht X je pocet dvojic
(e,m) t.z. e€ Eam:V — {1,2,...,n} takovd, Ze 7 zobrazi e na intervalu. Potom pomoci poéitdni dvéma
zpusoby:

1. X <n!-k (dle lemma)
2. X=|E| - n-k!'(n—k)!

Bl -n-k-(n— k)l <nl-kal|Bl < ()= (37)). O

Definice 90. Slunecnice (nebo A-systém) se stredem S a l listky je l-tice mnoZin Ly, ..., L; takovd, Ze Vi # j :
L,NnL;=S5.

Definice 91. s(k,l) := sup{|E|; G = (V, E) je k-uniformni hypergraf neobsahujici Zidnou slunecnici s }.
Véta 73 ("lemma o slunecnici”, Erdés-Rado). Vk,l € R: s(k,l) < 400

Proof. Indukci dle k. k =1:s(k,l)=1—1. k> 1: Necht G = (V, E) je k-uniformni hypergraf neobsahujici
sluneénici s [ listky. Necht D C FE je co nejvétsi mnozina po dvou disjunktnich hyperhran v G. Jisté |D| < [-1,
jinak médme slunecnici s [D| > I listky. Oznacme W := Uyepd € V,|W| = k- |D| < k- (I —1). IJiste
kazda e € E obsahuje aspon jeden vrchol W. Tedy existuje x € W, ktery je obsazen v aspon % = k.(‘f_‘l)
hyperhranich z E. Oznatme E, = {e € E,x € e} pak E; := {e\ {z},e € E,} a G, := (V,E;). G,

je (k — 1)-uniformni hypergraf, ktery neobsahuje slunecnici s [ listky: kdyby ei,ea,...,e; byla slunecnice v
G, tak e U {z},ea U {z},...,e; U {z} je slunecnice v G. Tedy dle IP: |E;| = s(k — 1,1) < +o00. Navic
By | = |Es| > iy, tedy |E| < k- (I—1)-s(k—1,1). Tedy s(k,1) < k- (I—1)-s(k—1,1). O

Pozndmka. Ditkaz ndm déva odhad s(k,1) < k(I — 1)*.
Hypotéza: (V1)(3cy) : s(k, 1) < cf.

Definice 92. Hamiltonovskd kruznice v grafu G = (V, E) je kruznice v G obsahujici vsechny vrcholy G.

Definice 93. Pro n > 3 oznac¢me h(n) := max{d € Ny,3 graf na n vrcholech s min stupném > d, ktery
neobsahuje hamiltonovskou kruznici.}.

Véta 74 (Bondy-Chvatal). Necht G = (V, E) je graf s n > 3 vrcholy, necht z,y € V jsou nesousedici vrcholy
G takové, Ze degq(x) + degs(y) > n. Necht Gt := (V,E U {xy}). Potom G je hamiltonovsky iff G* je
hamiltonovsky.

Proof. ”=" je trividlni. "<” Oznaéme ey = {xy}. Necht G* obsahuje hamiltonovskou kruZnici C. Pokud
eo ¢ C, tak C je hamiltonovskd kruznice v G. Predpoklad eg € C jinak trividlné. Ocislujeme vrcholy a
hrany C takto: & = 21,Z9,...,Zn—1,%, = Y & €g,€1,€2,...,€n,¢€0. Cil je najit i € {1,2,3,...,n — 1} tak,
7e x sousedi s x;y1 a y sousedi s x; v grafu G. Oznacme S, = {i € {1,2,3,...,n — 1}, {zz;1} € E} z
toho plyne, ze |S;| = degg(z) a taky Sy == {i € {1,2,3,...,n — 1},{yx;} € E} pak |S,| = degg(y). Tedy
[Sz| + 1Syl > n,[S. US| < {1,2,3,...,n—1}| <n—1, tudiz 3i € S, NS,. (C\{eo,e;}) U{{zzit1},{yzi}} je
hamiltonovska kruznice v G. O

Drisledek (Dirac). Kazdy graf na n > 3 vrcholech s min stupném > 4 je hamiltonovsky. (Nebo h(n) < 3.)

Disledek. Vo # y € V : dega(z) + dega(y) > n. Pokud G je uplny, tak hotovo. Jinak muZzeme postupné
pridavat hrany a vytvorit uplny graf. Pak pomoci Bondy-Chvéatalovy véty jsou vsechny tyto grafy v posloupnosti
hamiltonovské.

Definice 94. Multigraf je jako graf, ale mizu mit vice hran mezi stejnou dvojict vrchold a muzu mit i smycky.
Formdlné: Multigraf je dvojice mnozin (V, E) spolu s incidencni funkci f : E — (‘2/) U (Y), kde V' jsou vrcholy
a E hrany.

Definice 95. Incidencéni matice multigrafu G = (V, E) je matice I € {0,1,2}VIXIEl | kde v vddku odpovi-
dajicimu vrcholu x € V' a sloupci odpovidajici hrané e € E je hodnota 2, pokud e je smycka u x, 1 pokud x je
jedna ze dvou konci e, 0 jinak.
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Definice 96. M¢éjme multigraf G = (V, E) s matici incidence Ig.

1. Oznacme: k(G) = k(V, E) pocet komponent souwvislosti G.

)=
2. Oznacéme: r(G) = r(VE) hodnost 1. (nad Zs)

3. Oznacme: n(G) = n(V, E) dimenze jidra Ker(Ig) matice Ig, kde Ker(Ig) = {x € (Z2)/F : I,z = 0}.
Také se n(G) nazyvd nulita G.

Pozorovani. r(V, E) = |V| - k(V, E)
Pozorovani. n(V,E) = |E| —r(V, E)
Definice 97. Ker(Ig) prostor cykli G = (V, E).
Definice 98. G = (V, E) multigraf e € E. Pak:

P Goeim (V,E\{e})

o G/e (kontrakce hrany y) := G — e, pokud e je smycka, jinak novy vrchol v, vSechny hrany se projevi na
novém vrcholu (protoZe mdme multigraf).

Pozorovani. G — e i G/e md vidy o jednu hranu méné nez G.

r(G) = |V| = k(G) = |F|, kde F C E je nejvétsi podmnozina E neobsahujici kruznici.
n(G) = |E| — r(G) = |F|, kde F C E je nejvétsi podmnozina E takové, ze k(G — F) = k(G)

<
—
Q
I
(8]
S~—
f—/H
=

(G)—1 ejemostvG
(@) jinak
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(G — ) = { EG; e je most v G

jinak

[ r(G) e je smycka v G
r(Gle) = { r(G)—1 jinak

_ [ r(G)—1 ejesmyckav G
n(G/e) = { r(G) jinak

Definice 99. Tutteuv polynom multigrafu G = (V, E), znaceny Tg(x,y) je definovdn:

TG _ Z ((E _ 1)T(V,E)—T(V,F) . (y _ 1)n(V,F)
FCE

Pozndmka. x° je konstantni funkce = 1
Pozorovani. T (1,1) = # pocet koster v souvislém grafu G.

Tvrzeni 75. Necht Gy = (V1, E1) a Gy = (Va, Es) jsou multigrafy, kde E1 N Ey = 0 a |V N V3] < 1. Necht
G= (V = Vl U ‘/Q;E = El U E2) Potom Tg(,’I}7y) = TG1(x7y)TG2(x7y)'

Proof. Necht V1 N Va2 = 0 (situace |V; N Va| =1 je obdobnd).
To(z,y) =D pcp, 2arCE, (z—1)rVE)y=r(VRUE (V. ROR — (1) p(V, FLUF,) = r(V, F1)+7(V, Fy)
stejné tak i pro n(G). -

Z Z T(E1)+T(E2) (r(F1)+r(F2)) (y_l)n(F1)+n(F2) -

F1CE, Fy

Z (z— 1)T(E1)—T(F1) Sy — 1)”(F1) Z (z — 1)T(E2)—T(F2) (y— 1)n(F2) =

F1CEy F,CE>

= TGl (l’, y)TGQ (1’, y)

Diisledek. e je most v G+ (V, E), tak Tg_c(2,y) = Ta/e(v,y).

Pozorovani. e je smycka v G, potom Tg_c(v,y) = Tg/e(x,y), protoie G — e = G/e.
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Véta 76. Necht G = (V, E) je multigraf. Potom:
1. pokud E =0, tak Te(z,y) =1
2. pokud e € E, tak

(a) pokud e je smycka, tak Ta(x,y) =y - Ta—c(z,y) =y - Tg/e(r,y)
(b) pokud e je most, tak Ta(w,y) = - To—e(2,y) = = T ye(z,y)
(C) ]Zna’k TG(Z’,Z/) = TG—e(xa y) + TG/e(xa y)

Proof. 1. Plyne z definice. 2. Volme e € E potom:

TG(xay): Z st Z :Sl+52

FCE;edF FCE;eeF
Sy = Z (z —1)rEMeD=r() L 1)F
FCE;e¢F
Sy = Z (z — 1)rEMeD=r() L 1)F
FCE;e€F
To-c(ry)= 3 (=1 DT (- 1F
FCE\{e}
Torelwy)= Y (o1 EMDTE L —F
FCE\{e}

Pokud e neni most v G tak r(E) = r(E \ {e}), tedy S1 = Tg—c(z,y). Pokud e je most v G, tak r(E) =
r(E\{e}) +1atedy Sy = (x —1)-Tg_c(z,y). Pokud e je smycka, tak Sy = (y — 1) - Tz (2, y). Pokud e nenf
smycka, tak So = Tz/c(x,y). Takze pak celkové podle toho co je e:

most (JC — I)TG_e + TG’/e =x- TG’/e =x-Tg_.
To(r,y) = S1+ S2 =4 smycka (y—1)Tg/e+Tg-c=y - Ta-—c=y Tgye
jinak To—e+ TG/e

O

Definice 100. Obarveni multigrafu G = (V, E) pomoci b barev je funkce f :V — {1,2,3,...,b} takovd, Ze
Zddnd hrana e € E nemd oba konce zbarvené na stejnou barvu. Pokud G obsahuje smycku, tak G nemd Zddné
obarvent.

Definice 101. Chromaticky polynom G = (V, E) je funkce xc(z) : Ng = Ny, kde xa(2) je pocet obarveni G
pomoct z barev.

Cvigeni. G =K, tak xg(z)=()nl=z-(z—1)----- (z—n+1)a H=K, tak xg(z) = 2".
Tvrzeni 77. Necht G = (V, E) je multigraf, z € Ng. Potom:
1. pokud E =0, tak xg(z) = 2!V
2. pokud e € E, tak:
(a) pokud e je smycka tak xc(z) =0
(b) jinak xc(2) = xa—c(2) — Xq/e(2)-

Proof. 1. Triviadlné. 2. 1. Plyne z definice. 2. 2. jsou dvé moznosti: Vice hran: pak musi byt stejné obarveni
a to také plati, protoze x¢/c(z) = 0 kviili smycce. Jen jedna hrana, tak musime odebrat obarveni, které daji
oboum vrcholiim stejnou barvu a to je pfesné x¢/e(2). O

Tvrzeni 78. V multigraf G:
xa(z) = (=DIVIZRE) L MG L Th (1 — 2,0)
Proof. Druhou stranu vyrazu si ozna¢ime jako PSg(z). Pak jsou dva mozné postupy.

1. Opravi se PSg(2) a zjisti se, ze PSg(2) = Y. pep(—DIF1. 28V:F) " Pak pomoci **principu inkluze a
exkluze** (*PIE*) ze zdtvodnni, Ze ten vyraz je roven yg(2).
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2. Zkontroluje se, Ze xG(z) splni stejné podminky rekurze jako PSq(z).

V tomto pifpadé volime prvni moznost. Oznacme X¢(2) := 3 pep(—1)1F1- 2FVF) (1), Pozorovani: Pokud
G obsahuje smycku e, tak g (z) = 0, protoze: N

Xa(z) = Z ((_1)\F| CRVE) (_1)|FU{6} .Zk(V»F))
FCE\{e}
fedpokladejme, ze G neobsahuje smycku. Oznac¢me si F := mnozina vsech funkci —{1,2,...,z
1) Predpokladej ze G bsahuj ¢ku. Oznaé i F Zi sech funkei |V 1,2

|F| = 2IVI. Pro hranu e = {zy} € E oznaéim S, := {f € F; f(x) = f(y)}.

xa(2) = F\ | Sel = |F| = | | Sel ="

ecE ecE

=TEIF Y GO ) S = Y (CDFI) Sel = (1)

0#AFCE ecE 0£AFCE eeF

Obecné [, cp §e| = 2F(V:E) protoze v komponenté musi byt jedna barva.

(1) = > ()T = xg(2)

FCE
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Chapter 14
Vytvorujici funkce

(ag,a1,...) CR = A(x) = ag + way + xay + ...

Definice 102. Formdlni mocninnd rada reprezentujici posloupnost redlngch cisel (ag,a1,as,...) je vjraz
oo
tvaru ag + a1 + agz? + - = Yo Gn ™.

Definice 103 (Znaceni). [|R]|] je mnoZina formdlnich mocninngch tad (v proménné x nad R).

Pro A(z) € R[|z|], A(z) = ag + a1x + a2 + ... je [z"]A(z) koeficient u 2" v A(x), tj. an,.

14.1 Operace s formalnimi mocninnymi radami

Nasobeni:
a € R:aA(x) = (aag) + (aay)x + (aag)x® + . ..
S¢itani:
A(x), B(z) € R[|z|], A(z) = ap + a1z + ..., B(z) = by + byz + ...
A(I) + B(ZZ?) = (ao + bo) + (a1 + bl)di + ((12 + b2)$2 —+ ...
0 =0+ 0z + 022 + 02> + ... méa vlastnost:
VAeR[z|]]: A+0=0+A=A4

Nasobeni:

A(x) - B(x) = co + c1@ + cox® + cz2® + ..., kde

n
Cn = § akbn—k
k=0

1=1+0x+0z? 4 02® + ..., mé vlastnost:

VAeR[z]]:A-1=1-A=A
Fakt. (A+ B)C = AC + BC a R[|z|] je okruh (tj. komutationi okruh s jednotkou,).

Definice 104. Pro A € R[|z|] ozna¢me A~ (nebo %) mocninnou fadu B € R||z|] spliujici AB =1 € R[|z]].
A7t je multiplikativni inverze (prevrdcend hodnota) A.

Pozndmka. Ne viechny FMR maji inverzni prvky, napiiklad 0.

Tvrzeni 79. Pokud R|z|] 3 A(z) = ap + a1x + agz® + ... md A~ (z) v tom pripadé je A= (z) jednoznacnd.
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Proof. ag = 0 = A~1(x) neexistuje. Piedpoklad ag # 0 hledejme by, by, ba, - - - € R tak, aby

(ao + ar1x + agw® + ... )(bo + byz + box® +...) =1

0

aobo =1
arbg + agby =0
asbg + a1by + agby =0

¢ 1
bozlaio
by = —2--aibo

by = —i(azbo +a1by)

O

Definice 105. Necht Ay (z), Aa(x),... je posloupnost FMR veknu, Ze soucet Ay(x) + Ag(x) + ... je konve-
rgentni, pokud Vn € Ny ezistuje jen konecné mnoho indexi j € Ng takovych, Ze [x"|A;(z) # 0. V takovém
pripadé pak definuji Ay(z) + As(x) + As(x) + ... jako FMR S(x) € R]|z|] spliujici (jen konecné mnoho nenul):

Vn € Ny : [2"]S(x) := [z"]A1(x) + [z"] Az (z) + [2"]As(z) + . ..
Definice 106. Mé&jme A(z) = ag+a1x+axz?+..., B(x) = by + b1z +boax?+- -+ € R[|z|], necht by = 0. Potom:

A(B(z)) = ag + a1 B(z) 4+ aoB*(x) + azB*(z) +--- = Z anB™ (x)
n=0
Pozndmka. Pokud by = 0, tak B(x) = bz + bow? + b3a® + -+ = 2(by + bax + b3z® + ...) a tedy B"(z) =

2" (by + box + b3z? + ...) ma nulové koeficienty stupiiii 0,1,2,3,4,...,n — 1.
Soucet A(B()) = ag + a1 B(x) + aaB*(x) + ..., protoze Vn € Ny pouze séftance
ao, alB(Iv a’QBz(I)’ teey aan(l’)
mohou mit nenulovy koeficient u ™.

Definice 107. Kombinatorickd trida je mnozZina A takovd, Ze kazZdy prvek o € A md definovanou velikost
|l € No a pro kazdé n € No, A md jen konecné mnoho proki velikosti n. Znaceni: A, := {a € A;|a| =n}.

Definice 108. Obycejnd vytvorujici funkce kombinacni tridy A, znacend OVF(A) je FME Y 07 |Ay|a™.
Pozorovéni. OVF(A) =3 4zl

Pozorovani. Pokud A a B disjunktni kombinacni tridy, tak OVF(AUB) = OVF(A) + OVF(B).

Definice 109. Necht A, B jsou kombinacni tridy. Potom AxB := {(«a, 8);a € A, 5 € B}, kde |(a, B)| = |a|+|B].
Pozorovani. OVF(A x B) = OVEF(A) - OVF(B)

Proof.
OVF(A X B) = Z |(-’4 X B)n‘xn = Z < |-Ak‘ ’ |Bn—k|> z" =
n=0 n=0 \k=0
=D [Akl2" - [Baglz"F = OVF(A) - OVF(B)
n=0 k=0
O
Pozorovani.

AF = Ax Ax - x A, OVF(AF) = OVF(A)*

Definice 110. Necht A je kombinacni trida takovd, Ze Ay = 0, potom:

Seq(A) = {0y U A UA%U. ..

tj. mnozina viech konecngch posloupnosti prvki A.
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Pozorovani. )

OVE(Seq(A) = 1+ OVE(A) + OVIA + - = 350

Definice 111. Labelovand kombinatorickd trida je mnoZina A, jejiz kaZdy prvek o md danou mnoZinu
vrcholid V(a), coZ je konecnd mnoZina N, kde plati ndsledujici:
1. Oznacime-li Ay = {a € A:V(a) =V}, pak pro kazdé V C N koneéné plati | Ay| < +o0.

2. Pro dvé konecné mnoZiny vrcholic V,W C N takové, Ze |V| = |W|, plati = |Aw]|

Znacent: Ap = Af123,..ny 0 Ax = A UATUAU... proa€ A:al:=[V(a)].
Definice 112. Exponencidlni vytvorujici funkce labelované kombinatorické tridy A, znacend EVF(A) je

Sl = ¥

acA,
Pozorovani. Pro labelované kombinatorické tridy A, B, které jsou disjunkini, plati
EVF(AUB) = EVF(A) + EVF(B).

Definice 113. Labelovany soucin AR B labelovanych kombinacnich trid A, B je labelovand kombinacni trida

{(a,B);a € A, B eB,V(a)NV(B) =0}, kde V((a, B)) := V() UV(B).
Tvrzeni 80. EVF(A® B) = EVF(A) - EVF(B)

Proof. Levou stranu si ozna¢im jako LS(x) a pravou jako PS(z). Vn € Ny : [¢"]LS jestli se rovnd [z"]PS

1
[z"]LS = KAQ@B)| o] E: AV |[B1,...op\v | =

VC{1,2,3,...,n}

|Z( >'Ak||Bn kI*Z|Ak| |Bi Kl

k=0

= Zn:[x’“]EV(A) [2""*EVF(B) = PS(x)

k=0

43



Chapter 15
Akce grup a pocitani orbit

Grupa I je multiplikativni: «, § € T" takiaf € I"soucin je v . 1p neutrdlni prvek vI' (Va € T': 1ra = alr = «a)
a o~ ! inverzni prvek k o € T’ (™ la =1r).

= a
Definice 114. Akce grupy I' na mnoziné M je bindrni operace (_ o __) :I' x M — M. Splriujici:
1.VpeM:1lrep=np,
2. Vo, eT,Vpe M:ae(Sep)=(af)ep.
Pozorovani. e je akce I' na M:
1. pokud proa €T,pE M:aep=q€c M, pak (a=!) e q=p. Protoze (a"')eqg= (a"ta)eplrp=7p
2. pro pevné a € I, funkce p — ap je bijekce M — M

Definice 115. Méjme akci T' na M. Prvky p,q € M jsou ekvivalentni (vici o) pokud Ja € T : e p = gq.
Znaceni p ~ q.

Pozorovani. ~ je ekvivalence na mnoziné M:
I.p~p:lrep=p
2.p~q=>q=p:aep=q=(a~')eg=p
3. (p=qghq=r)=p=r:(aep=qABeq=1)= (Ba)ep=r

Definice 116. Tridy ~ se nazyjvaji orbity, orbitu obsahujici p € M znacim [p] (nebo [plm.e). MnoZinu orbit
znacim M/T.

Definice 117. Stabilizdtor proku p € M, znadeny Stab(p), je {a €T : @ p = p}.
Pozorovani. Stab(p) je podgrupa T'.
Definice 118. MnoZina pevnych bodi pro o € T, znacend Fiz(a), je {p € M, e p = p}.

Lemma 81 (o orbité a stabilizitoru). Necht T je konecnd grupa s akci na M. Potom

Vp € M :|[p]| - [Stab(p)| = |T'|

Proof. Volme p € M, necht k := |[p]|,[p] = {¢1,92,---,qr}, kde ¢1 ;== p. Oznalme I'; ;== {a €T : aep =
gi},i=1,2,..., k. Tedy Ty = Stab(p). Zjevné I'1,T'a,..., T jsou disjunktni a jejich sjednoceni je I'. Tvrdim,
ze [I'y| = |Tg| = --- = |T'k|. Volme i > 2 a dokdzeme |T'y| = |T;|. Jisté I'; je neprazdnd, protoze jinak by p % ¢; a
qi ¢ [p]. Volme libovolné ag € I';. Uvazim zobrazeni ® : I'; — I'; definované pro 8 € T'y : ®(5) = apf. Tvrdim,
ze ® je bijekce I'y — T';. Ovérme:

1. Vﬁel“lé(ﬁ) el

O(B)ep=(wfB)ep=age(fep) =g
2. ® je prosté
 Predpokladejme, ze 351, 82 € T'y : (B1) = ®(B2), tj. apBbi = afa, tj. B1 = Ba.
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3. ®jena

e Volme v € T'; hledejme g € T'; t.Z.

PB) =y af=veBf=a;'vel
O

Véta 82 ("Burnsideovo lemma”; ”Cauchy-Froheriova fromule”). Necht T' je konernd grupa s akci na mnoziné

M. Potom:

1. (jednoduchd verze) pokud M je konecnd, tak |M/T'| = 1{ > acr | Fir(a)|. Nebo-li "pocet orbit je primerny
pocet bodu”.

2. (obecnd verze) Necht md kazdd orbita o € M/T pritazenou vihu |lo|| € No tak, Ze pro kaZdé n € Ny
existuje jen konecné mnoho orbit vdhy n. Potom.:

Z Lol — — Z Z 1P
0EM/T | |a€Fp€Fm ()

Proof. Levou stranu si ozna¢im LS(x) a pravou PS(x). 2 = 1 Zvolme ||o|| = 0 pro kazdé o € M/T. Definujeme
D:={(a,p) eT x M;aep=p}asS= Z(a p)ED 2P Pak poéitdme dvéma zptisoby.

1)522 Z p]H_Z Z WPl = || - PS(x)

a€el pe M;(a,p)eD a€l peFix(a)
295=3 3 = 3 [Stab(p)| -« =
peEM a€el(a,p)ED peEM
Tr Tr
_Z | | APl = 3 Z' L yllell = | S ool = 1) LS()
pEM EM/FPEO 0EM/T
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Chapter 16

Structural graph theory

16.1 Minors and subgraphs

Definition 1. H <; G means that subdivision of H is a subgraph of G, also known as topological minor.
Definition 2. H <,, G means that H is a minor of G.

Definition 3. H C G means that H is a subgraph of G.

Definition 4. H C G means that H is a induced subgraph of G.

Theorem 1 (Kuratowski).
K;5, K33 4+ G < G planar

K5, K33 %m G < G planar
Definition 5. x(G) means that G has a coloring of size x(G).
Observation. C5,C5,Cr, -+ € G < x(G) < 2 which holds also for C.
Observation. C3 £, G < G is a forest also holds for <.
Definition 6. Forb<(F) = {G|(VF € F)F £ G}
We will try to show G = Forb<, (F). If G € G then all minors of G belong to G.

Observation. If G = Forb<(F) then G is <-closed. Which means that VG,G' if G € G and G' < G then
G eqg.

Lemma 83. Let < be a partial ordering of graphs. If a class G of graphs is <-closed, then there exist F s.t.
G = Forb<(F).

Proof. F ={F:F £ G}. O
Definition 7. F is minimal <-obstruction for G if F ¢ G but for every F' < F and F' € G.

Lemma 84. Let < be an ordering of graphs without infinite decreasing chains. If G is <-closed, then
G = Forb<({F : F is a minimal < -obstruction for G}).

Proof. G ¢ G is min <-obstruction or 3G’ < G : G ¢ G = G’ is obstruction or we continue and because we
don’t have infinite decreasing chains we will eventually end. O

If G is <,,-closed, then there exists a finite F such that G = Forb<  (F).

m

Theorem 2 (Robertson-Seymor). For every F there exists an algorithm that for input graph G decides whether
F <,, G in time Op(|G]?).

Definition 8. For graph G = (V, E) we define |G| := |V| and ||G|| := |E|. Also for some U CV G[U] is a
induced subgraph of G that has only vertices from U. Then Ng(v) stands for the neighborhood of vertex v in
graph G.

Definition 9. G’ is a cover of G if (3f : V(G') = V(G))Vv € V(G’) for Ng/(v) is a bijection with N (f(v)).

Ezample. We may see an example [16.1}

47



I

s (2

(a) Original graph G. ) Cover graph G'.

Figure 16.1: Example of G and G’ as covers.

{G|3 planar G’ cover of G}

Fi,....,Fy %m G

Contrary we take G = {G : (Vuv € V(G) u # v,deg(u) > 5,deg(v) > 5)(3X C E(G) : |X| <1) v and v are
in different component of G — X} which is <;-closed. But take these graphs:

VANRVAVAN

Figure 16.2: Obstructions.

Where each one of them is an obstruction. And we could create much more of them.
Now we take a look at some nice properties of graphs if we forbid some graphs as a minors.

Ky 4 G & E(G)=10
K3 4, G < G is a forest
G is obtained from K7, Ky by clique sums
Ky ¢m G & G is obtained from K1, K, K3 by clique sums

16.2 Clique sums

Definition 10. Graph G can be obtained from G1 and Gy by clique-sum if the intersection that these graphs
have in G form a clique. In other way it is that we bind together two graphs by identifying their vertices and
edges in the same size clique. Sometimes we may denote it as G1 P Gy = G. Or even Gy @k Gy = G to
explicitly state the size of the clique is k.

Observation. If G is obtained from G1 and G2 by a clique-sum then:

Lemma 85. If Ki. <,, G and G 1is the clique-sum of G1 and Go then K <,, G1 V Kj <,, Gs.
Lemma 86. If G is not 3-connected then there exist G1,Go < G s.t. G is a clique-sum of G1 and Gs.

Proof. If G is not connected then it is done since it is a clique sum on Ky. If G is connected, but not 2-connected
then it is a clique-sum on K since there exist a articulation. If G is 2-connected then there must be two vertices
which splits the graph. And these two vertices form a K5 as a minor. That is because we split G to two parts
where we leave the major one side and add a edge to these two vertices, which we can do because they need to
have a path between them so we contract all the edges alongside the path. O

Definition 11. §(G) is a minimum degree of a graph G.
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Theorem 3. If G is Ky-minor-free then G is obtained from K<3’s by clique-sums.
Proof. By induction on |V (G)|.

(a) If G is not 3-connected. G is a clique-sum of G1,Gs <., G. Since Ky %y, G1 and Ky £, G2 we use
induction hypothesis and we are done.

(b) If G is 3-connected. If |V(G)| < 3, then G = K<3, wlog |V(G)| > 4. §(G) > 1 = G contains a cycle. Let
C be the shortest cycle in G. C' is induced in G 3-connected = G # C so Jv € V(G) \ V(C). By Merger’s
theorem there exists three paths from v to C intersecting only in v. That gives us K4 as a minor of the
graph. Which is contradiction.

O
K5 4, G < G is obtained from planar graphs and Wg by clique sums
Figure 16.3: Wy graph.
Observation. If G is a clique-sum of G1 and G5 then
X(G) < max(x(G1), x(G2))
Proof. We just need to match the coloring of the cliques. Other than that we don’t have any problem. O

16.3 Hadwiger’s conjecture
K;-minor-free graphs are (t — 1) colorable.

Ki£m G x<1 6<0
Ky £m G x<2 6<1
K3$mG X§3 0<2

Theorem 4. 3f every K;-minor-free graph G has 6(G) < f(t).
The function is somewhere near f(t) = (1,6---+ O(1))ty/logt. But we won’t show this result. Instead we
will show f(t) = O(¢?).

16.4 Chordal decomposition
Before we continue it is better to remind ourselves chordal graph and elimination ordering (known as PES).
Definition 12 (Chordal decomposition of G). V(G) = PUP,U...UP,, and

1. (Vi)G[P;] is connected.

2. 7P;’s form elimination ordering” Precisely: (Vi € [n])(Vj1,j2 < @) if G has an edge between P; and Pj,
and also between P; and P;, then it also has an edge between P;, and Pj,.

Definition 13. Chordal partition is geodesic if (Vi)(Jv; € P;) s.t. if j1,...,Jt < i are the indices s.t. G has

an edge between P; and Pj ,Pj,,..., Pj, then uy,...,uy € P; s.t. u; has a neighbor in P; ,Pj,,...,P;, and
G- Uj<i ‘P; contains shortest paths from v; to ui,...,us which cover all vertices in P;.
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Theorem 5. Fvery graph has a geodesic chordal partition.

Before we show us the proof we will take a look at a simple application. If G is Kj-minor-free last part
has neighbours in ¢ < k — 2 parts (otherwise it will have K} as a minor). Then we may take a look at a
deg(v) < (k —2) + (k — 2)(k — 2)3 < 3k?. Thus getting the upper bound §(G) < 3k2.

Definition 14. Part is called terminal if there is no edge from any vertex in that part going to some vertex
in one of the parts on the right.

Proof of theorem[5 Let P be a chordal decomposition of G into parts satisfying both properties of definition
of chordal decomposition (i) and (ii) and geodesity (iii) for all non-terminal parts.

This can be easily done by creating parts based on the components of connectivity. For them all properties
hold, since they are all connected and “chordal” property is also satisfied since there are no edges. Also all of
them are terminal (iii) doesn’t have to be satisfied.

Now we proof that by choosing P with largest number of parts. Lets say that there is a part that does not
satisfy (iii). This means that it is terminal part. Lets take vertex from the part and find the shortest paths to
the vertices that are connected to some of the parts to the left. Now we put vertices to separate components
and these components will make a new parts. We will also remove all these vertices from the origin part. Note
that all properties are satisfied. (i) is trivial. (ii) If there are any vertices from the new parts to other parts
then they are to the ones which are already connected to the origin part, which satisfied (ii) before so it is fine.
Also (iii) is satisfied.

The thing is that we created P with larger number of parts which is contradiction. O

Observation. H <;G= H <,, G
Observation. A(H)<3:H<,,G=H<; G

Lets remind ourselves a table and add some new properties.

Ki 4, G& K £,G & V(G)=0
Ky 4, G& Ky £, G EG) =0
K; £, G& K3 £, G < G is a forest
G is obtained from Kj, Ko by clique sums
Ky 4 G& Ky £, G < G is obtained from K1, Ks, K3 by clique sums
K5 41 G4 K5 £, G < G is obtained from planar graphs and Wg by clique sums

Well technically K5 %; G = K5 %, G but the other way around is what doesn’t work K5 £,, G % K5 £ G.
For that we can see an example m We may see that G = {G : G has < 4 vertices of degree > 4} these
graphs are so that K5 %; G.

¢

Figure 16.4: A counter example.

16.5 Hajos conjecture

If we remember Headwiger’s conjecture then Hajos conjecture is the same only with topological minors. Thus
it is that K; £, G = x(G) <t — 1. This is actually true for ¢ < 4 but it is false for ¢ > 7 and 5,6 are open
questions.

Theorem 6. 3f,,(k) = O(k+/Iogk) Every Ki-minor-free graph G satisfies 6(k) < fm (k).
We won’t prove this, but we will prove something similiar, that is for topological minors.
Theorem 7. 3f;(k) = O(k?) Every G s.t. Kj, 4 G satisfies 6(G) < fi(k).

The corollary to this is that x(G) < f:(k) + 1. We will proof this theorem, but to do that we need to do
some steps beforehand.

Firstly imagine that the enemy gives you a graph and you need to prove that. But the enemy is kind enough
to give you a graph H with connectivity >> k2. We could apply Merger’s theorem. Though this will only give
certain number of vertex disjoint paths from one vertex to another. We would more likely have this many paths
between more pairs of sources and targets.
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16.6 k-linked, model, separation

Definition 15. Graph G is k-linked if |V (G)| > 2k and Vsi,s9,..., Sk, 1,2, t distinct vertices of G. G
contains pairwise vertex-disjoint paths Py, Ps, ..., P,. When P; has ends s; and t;.

We may see that there exist a graph that is 2-connected and yet not 2-linked. You may see this on the
picture Also not even 3-connected graph has to be 2-linked. Which is also on the picture (though
we can change the vertex inside for any planar graph). We could continue and end up with that not even
5-connectivity forces 2-linked.

(a) 2-connectivity (b) 3-connectivity

Figure 16.5: A counter example to 2-linked graphs.

Observation. Fvery k-linked graph is (2k — 1) connected.

Proof. That is simply because we put all the s;,t; for i € [k — 1] to the vertex cut and then choose s in the
left part and ¢; in the right part then we can see that it is indeed (2k — 1)-connected. O

Theorem 8. If G is 2k-connected, Ky, <,, G then G is k-linked.

We won’t prove this directly. Instead we will later on introduce another theorem that is actually pretty
much the same and prove that.

Corollary. If G is max(2k, fn,(4k) + 1)-connected then G is k-linked.

Proof. We use the theorem to get that 6 > f,,(4k) thus Ky <, G. O
Also we can say 3f;(k) = O(ky/Iogk). If G is fi(k)-connected then G is k-linked.

Corollary. If G is f; ( )) connected then Kj <; G.

Proof. To see this we choose k vertices and for every one of them k — 1 neighbors. Then we give s; and t; to
every single one of these vertex so that every neighborhood has pair with all others. Then we find such paths
between them. O

Lemma 87. If d(G) > 4d then G contains a (d + 1)-connected subgraph H of minimum degree 2d + 1.

Proof. Let H be a minimal subgraph of G s.t. |V(H)| > 2d and |E(H)| > 2d(|JV(H)| — d). We may see that
|V (H)| > 2d that is if it has 2d vertices then

22 —d <2d

2
. 2) > |E(H)| > 2d

which is a contradiction.
Then we also have that 6(H) > 2d + 1. If we have §(H) < 2d we may remove the certain vertex. But we
need to show that given properties still hold. We will split the graph to two parts |A|, |B| > 2d 4+ 2 > 2d. Then

[E(G)] <[E(A)| +|E(B)]
(1) <2d(|V(A)| = d) + 2d(|V(B)| — d)
=2d(|V(A)| + [V(B)| - 2d)
=2d(|V(H)| = [V(AN B)| - 2d)

[E(G)] >2d(JV(H)| - d)
Where (1) is due to the minimality of H. The thing is with the last two lines we get that [ANB| >d. O

Proof. This actually is enough for the theorem to be proven since the enemy doesn’t have to be kind anymore. [
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Definition 16. A model of K, in G is My, M, ..., M, C V(G) pairwise distinct and Vi : G[M;] is connected
and (Vi # j)Juv € E(G) : u € M;,v € M;.

We may take a look at an example of model of K4 which is in picture [16.6

Figure 16.6: Example of K4 model.

Observation. K,, <,, G < there is a mode of K,, in G.

Definition 17. Separation in G is (A, B) where A,B C V(G),AU B = V(G), no edge between A\ B and
B\ A.

On picture we may see an example of (A, B)-separation. Where the points are both in A and
B and then the rest is either only in one or second part, which are set by their connectivity.

X

Figure 16.7: Example of separation.

Definition 18. The order of the separation is |AN B].

Definition 19. S is well-linked to a model My, Mo, ..., M,, if every separation (A, B) with S C A (3i)M; C
B\ A has order > |S].

Theorem 9. VG,S = {s1,59,...,8k,t1,t2,...,tx} C V(G) and My,..., My model of Ky, in G. If S is
well-linked to My, M, ..., My, then G contains distinct paths from s; to t; for all i € [K].

We can see that this is somewhat reformulation of theorem before . Thus if we prove this we will also
prove the previous theorem. But we will introduce another similiar theorem which will imply this theorem.

Definition 20. G,S C V(G) and My, M, ..., M, C V(G) pairwise distinct is an S-relaxed model of K, in
G if

1. (Vi)G[M;] is connected or every component of G[M,] intersects S.

2. (Vi# j)3uv € E(G) s.t. ue M;,v e M; or M;NS#0#M;NS.
Theorem 10 (Slightly changed). VG;,S = {s1, $2,..., Sk, t1,t2,...,tx} C V(G) and My, ..., My, S-relazed
mdel of Ky, in G. If S is well-linked to My, Ms, ..., My then G contains distinct paths from s; to t; for all
i€ k]

Proof. We will prove this theorem by induction on |V(G)|. We will separate it to some distinct cases.
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(1) Suppose there exisits a separation (A, B) of order 2k (which is = |S|) s.t. S C Aand (3i)M; C B\ A. Then by
Menger’s theorem there exists 2k disjoint paths from S to AN B (since S is well-linked to My, ..., Myy). We
want: G[B] disjoint paths from s to t} for alli € [k], where s; and t] are the ends from the paths labeled same
as the beginings. We apply induction hypothesis on G[B] S’ = {s},t}|Vi € [k]} MiNB,M>NDB,..., My, NB.
First we need to prove that the properties still holds. Such as that it is still S’-relaxed and S’ is well-linked.
Consider M; NS = () so Vj # ¢ there is at least one vertex in B. Then M; N B components do not intersect
S’ so0 it didn’t intersect S. Therefore it had to be connected and thus still is. That is the first property and
the second is left out as exercise. So S’ is relaxed model.

We now take a look at if S’ wouldn’t be well-linked. Then there would be a separation with order < 2k.
But this separation would be present even before so it cannot be there.

Now WLOG: Every separation (4, B) s.t. S C A, (Fi)M; C B\ A has order > 2k.

(2) Suppose Fv € V(G) \ (S U U?k M;) apply LH. on G —v. We need to show that it is well-linked. Suppose
we have a separation with order < 2k. We put v in the intersection of the separation (”cut”) and get a
separation of G with order < 2k. That can’t happen since we assumed the orrder is > 2k.

(3) Suppose (Fi)Juv € E(G[M;]) s.t. v ¢ S. Aplly LH> to G/uv (contract the edge uv). We may see that S
is relaxed model and well-linked with the similiar arguments as in the point before.

With this induction we end up with S C V(G) and My, M, ..., M. We know (Vi)M; NS =0 = |M;| =1
or M; C S. Also all single M; forms a clique. We would like to find if there exist a mathcing between S and
V(G) \ S covering S. For that we may recall Hall’s theorem and thus we need VX C S : |[N(X)| > |X| where
N(X) are the neighbours of X. Lets take a look at one M} = X and its N(X). There are not necessarily edges
to My, ..., M. Lets put A= SUN(X) and B = clique on M;sU (S\ X). By that we get that X = A\ B and
V(G)\(SUN(X)) = B\ A. So (S\X)UN(X) = AN B which can’t be smaller than 2k. So |S\ X |+|N(X)| > 2k
where S\ X| = |S]| — | X| and |S| = 2k this means that |N(z)| > |X].

Therefore we find the matching between S and clique. Thus we take for each ¢ the edge in matching from
s; to s}, then path from clique from s} to ¢ and next from matching t; to ;. O
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Chapter 17

Tree decomposition

Firstly we may recall that: K5 £, G iff G is obtained from planar graphs and Ws’s by clique-sums. When we
draw the graphs expanding by the clique sums we may notice a somewhat tree structure that they generate.
Now we will define it and see it properly.

17.1 Basics

Definition 21. A tree decomposition (T, ) of graph G is when T is a tree and 3 : V(T) — 2V (called
bags) such that

(1) (Vuv € E(G))(3x € V(T)) : u,v € B(x) or by words every edge is contained in a bag.
(2) Yv € V(G) the set {x € V(T') : v € B(x)} induces a non-empty connected subtree of T.

Lemma 88. If (T, /) is a tree decomposition of G, K C V(G) is a clique in G then (3x € V(T)) : K C f(x).

Proof. For contradiction suppose it is not true. Thus (Vo € V(T))(Jv, € K) : v, ¢ S(x). We define "arrows”
for each vertex which points to the set {y : v), ¢ S(x)}. Thus there is |V(T')| of ”arrows” but because it is a
tree there is |[E(T)| = |V(T)| — 1 < |V(T)]. So at least one edge must have two "arrows”. Therefore there is no
y € V(T') with vy, v, € B(x) so K clique implies that v, and v, are adjacent. This is contradiction with (1)
from definition. O

17.2 Torso

Definition 22. (T, ) is tree decomposition of G and let x € V(T) then the torso of x. is G[B(z)|+ cliques
on B(x) N B(y) for every xzy € E(T).

This definition may not be clear to everybody so lets take a look at an example. On picture|l7.1| we may see
the original graph [[7.1a]and on picture [[7.15] we may see the tree decomposition. Now we set  to be BCE. Now
for the torso itself we create a three vertices B, G and E where there is no induced edge. Then for the neighbors
ABG we add a edge between B and G. For BED we add an edge between B and E and lastly for EGF we add E-G
edge. And finally we get what is drawn on picture [I7.1d

Y

a) Original graph G. ) Tree decomposition of G. (¢) Actual torso of =.

Figure 17.1: An example of torso.
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Lemma 89. Let G be a class of graphs. G is obtained by clique-sums from graphs belonging to G iff G has a
tree decomposition whose torsos belongs to G.

Proof. Firstly the "< is easy since when taken the tree decomposition torso we may see that it is somewhat
the same as clique-sum of the graphs.
Next we have ”=" for them we will prove it by induction on the number of terms.

(i) When we have one term than the whole G € G and we take a tree decomposition with only one vertex
having all vertices from G.

(ii) Now we have G = G @y G2 thus there by induction hypothesis we have (T7,31) and (T3, 32) tree
decompositions of their respected graphs GG; and G3. By lemma there exists a bag with clique K in both
T1 and Ty. So we create T' by adding edge between those bags in Ty and T5. So (T, 8 = 1 U B2) will be
the tree decomposition. While it may seem easy it is necessary to show that all properties holds. Every
edge is contained in at least one bag since we did not added no edge. Secondly all x induces a non-empty
connected subtree.

Also we have to take a look at the torsos we are getting from this tree decomposition. For those bags
not having new edge it is still the same as before and for bag S(x) which K C 3(x) we see that its only
intersection is K so it won’t change any torso because it is a clique.

O

17.3 Tree width

So we introduced basic tree decomposition but now we take a deeper look at some special cases of them.
Definition 23. Width of (T, 3) is max,cy (1) (|8(z)]) — 1.

Definition 24. We denote tw(G) = min width of (T, ) for all (T, B) tree decompositions of G. It is called the
treewidth.

We may recall and extend that for k < 4: Kj, £,, G iff G is obtained by clique-sum from graphs with
< k — 1 vertices iff G having tree decomposition (T, 8) such that (Vx € V(T)) : |B(x)] < k — 1 which means
that width(7T,8) < k — 2 iff tw(G) < k — 2.

We would now need {G : tw(G) < k} is minor-closed.

Observation. H <,, G = tw(H) < tw(G)

Proof. We may see all possible operations. First deletion of vertex may only decrease the value. Second the
deletion of edge may also only decrease the value. Lastly for contracting an edge uv we overwrite all these
vertices to w and change the edges. This is easily seen that it will only decrease the value or it will stay the
same. O

From that we get that 37, tw(G) < k iff (VF € Fi)F £, G. Also for some simple values we know
Fi1 ={K3} also Fo = {K,} and for F3 = {Kj .} where it is known but not that important.

17.4 Bramble

Definition 25. Bramble B C 2V such that
(1) (VB € B)B # 0 and G[B] is connected.
(2) (VBy,Bs € B) G[B1 U Bs] is connected.

As previously we will take a look at an example of a bramble so that a reader gets a better grasp on this
definition. On the picture we may see a graph G where there is Bramble B = { By, Bz, Bs, B4}

Definition 26. Set X hits the Bramble B if (VB € B) BN X # (.
For the previous example a hit could be all these vertices highlighted on the picture [L7.3

Lemma 90 (duality). If (T, 3) is a tree decomposition of G and B is a bramble then (3x € V(T))S(x) hits the
bramble.

Observation. If (T, 3) is a tree decomposition of G and F C G connected, then {x € V(T) : B(x) NV (F) # 0}
induces a connected subtree of T'.
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Figure 17.2: Bramble of a graph G.

Figure 17.3: Brumble of a graph G.

Proof. By induction on |V (F)|.
(i) |[V(F)| =1 is by the definition.

(ii) |V(F)| > 1 consider v € V(F) such that F — v is connected (we could take a leaf from a spanning tree of
F') so we use an induction hypothesis F' — v. We take a subtree on V(F — b) and {v}. By the definition

Jy s u,v € By).
O

Proof of lemma. For contradiction suppose it is false. So (Vx € V(T))8(x) does not hit B so we have B, € B
disjoint from S(z). By lemma B, forms in (T, ) a connected subtree. Again we assign "arrows” to vertices
pointing to xz—B,. Also there are more arrows than edges so at least one edge has two "arrows”. We can find
B, and B,  not in the same bag so they are disjoint. This is a contradiction by the definition. O

Note that on K clique the bramble is B = {{u} : u € K}.
Definition 27. Order of bramble is defined as order(B) = min(|X|) : X hits B.

Corollary. tw(G) > max(order(B)) — 1 for all B rumble in G.
Remark. Tt can be proven so that there is equality not inequality. But we will not be showing this result since
it is not so easy.

In other words we may rewrite the previous findings as a similiar lemma.

Lemma 91. V tree decompositions (T, 3) and ¥V bramble B in G it holds that

width(T, B) > order(B) — 1

17.4.1 n xn grid

Now we will take a look at a simple example of a graph and its tree decomposition and bramble. This graph is
an n x n grid where every neighbor is connected, one can be seen on picture [17.4]

When we examine a tree decomposition we may easily find one such with tree width 2n. That is we take 2
rows that are adjacent. But much better tree decomposition is when we take it like it is visualized on picture
This gives us a tree decomposition with width n + 1.

So we can say that tw(n x ngrid) < n. Can we construct some with even lower width? We can use the
previous lemma and construct a bramble which can be seen on picture So there are two special sets on
the sides and then we have all the crosses in the rest of the grid. This will lead to bramble B of order > n + 1.
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Figure 17.4: n x n matrix example.

Figure 17.5: First three bags of tree decomposition.

Figure 17.6: A bramble for n x n grid.

We must select two points for two special sets and points on the diagonal for example. Therefore with the use
of the lemma we also have that tw(n x ngrid) > n thus it has to be equal.

With that we can state that if n x n grid <,,, G then tw(G) > n. Which also means that we can construct
planar graph with any given tree width.

Theorem 11. tw(G) > Q(n'?) then n x n grid <,, G.

This is quite recent discovery and long time it was only exponential. Now it is polynomial. We won’t be
proving this but instead we take a look at something in a way similiar.

17.4.2 n-ladder
n-ladder is graph that looks like a 2 x n grid. Or just like it is on the picture [17.7

Figure 17.7: Example of an n-ladder.

Theorem 12. tw(G) > 2n? — 1 = n-ladder <,, G.

We won’t be proving this straightforward. Instead we will prove something similiar which implies this
theorem.

Theorem 13. If G contains a bramble B of order > 2n? then n-ladder <,, G.
Firstly we will show some lemmas.

Lemma 92. If B is a bramble in G, then there exists path P C G such that

VBeB:BNV(P)#0

57



Proof. Lets take By € B and x € V(G) such that « € By. If it is contained in all sets from bramble then we are
done. Otherwise find such By € B that does not contain it. Then by the bramble properties we are able to find
path from z to Bs. If now the path is contained in all sets from bramble we are done. Otherwise we iterate. [

Lemma 93. Suppose B is a bramble, B = B1UBy. Then By and By are also brambles and

order(B) < order(By) + order(Bs)
Proof. This is straightforward from the definition of the bramble and some observations. O

Proof of theorem. Let P be a path intersecting all sets in B. let P; be a path segment.

Blz{BEBBmV(P1)7é®}

Choose P; shortest such that order(B;) > n?. We also claim there need to be equality since we are looking
for the shortest path. Now let By = B\ By. By the lemma we know order(Bs) > n?. Also we set P5 to path
intersecting all sets in Ba.

The claim is that G contains n? disjoint paths from P; to P, By Merger’s theorem if there is cut of such
size there must as many disjoint paths. If we would remove < n? vertices there would exists in both paths such
By and Bs; respectively so the are not hit. By their properties they induce a connected subgraph. So there is a
path. This proves the claim.

We also remind ourselves a theorem

Theorem 14 (Erdos-Szekeres). Every sequence of length n? contains a monotone sub-sequence of length n.

Thus if the sub-sequence is increasing we just find n paths thus an n-ladder. If it is decreasing we just flip
one path and find the same result. O

Now we will see an application of this theorem.

Theorem 15 (Erdos-Prosa). There exists f such that Yk VG either

e G contains more than k pairwise distinct cycles or

e IX CV(G), |X| < f(X) such that G — X does not contain cycle.

They proved it for f(k) = O(klogk), but we will show for other f that exploits our previous theorem.
Definition 28. ni,n2,...,n, € N is k-bounded if ny,na,...,ny < k/2 and Y-, n; < k.

Now we set our f to be: f(0) =0 and
— 2 ;
F(k) =202k +2)" + I k- bounded Z 1.
iel
Proof. Suppose G contains < k disjoint cycles. We will be proving this by induction on k.

B ={B CV(G) : G[B] is connected, contains > k/2 disjoint cycles}

is a bramble. Any two B; and B, must intersect otherwise we have a contradiction with our assumption of
not having k cycles. If order(B) > 2(2k + 2)? then there is 2k + 2-ladder as a minor of G. This means there
would be k 4 1 pairwise distinct cycles which is a contradiction.

So (3X : |X| < 2(2k+2)?)X hits B. Now take G — X and denote their components as Ky, Ko, . ... let n; be
the number of pairwise distinct cycles in K;. We may see that the sum _ n; < k otherwise it is a contradiction
with the assumption. And also n; < k/2 for any i. Due to the bramble properties. Thus this sequence is
k-bounded. Apply induction on components. We get | X;| < f(n;) by induction hypothesis. Thus

G=(XU UXi) is a forest and

K2

G = (xulJxil = f(k)

58



Chapter 18

Polynomials for graph theory

18.1 Basics

We will introduce polynomials representing the graphs. Then we will look at what properties these polynoms
have. But firstly we will look at some basics. Let p(z1,...,2,) be a polynomial on n variables. One term
1.k

az;xy ... is called a monomial.

Definition 29. The total degree of a monomial xl’xSZ . xﬁ" is the sumdy +ds +---+d,.

Definition 30. Total degree of polynomial is the maximal total degree of its monomials.

Also we will denote [z{" ... z%p the coefficients of 29" ...z,
Theorem 16 (Chevalley-Warning, no proof). Let p be a prime number and fi,. .., fi polynomials over Z, in n
variables and Zle total degree of f; < n, then the number of a1, ..., an € Zy such that for alli fi(ai,...,a,) =

0 ¢s divisible by p.

Now lets see an example of this. Let f; = 22 +y?> + 22 +u=0and fo =2 —y+ 2z —u = 0 over Z3. The
total degree of f1 + fo = 2+ 1 < 4 which is the number of variables. So the solutions are z =y =2z =u =10
where the number of them has to be divisible by 3. Also we have a solution z =1,z =1,y = 2,u = 0.

Theorem 17 (Combinatorial Nullstellensatz, no proof). Let f be a polynomial in m wvariables x1,..., %y,
[ # 0. Suppose S1,Ss,...,S, € R such that (Vi)|S;| > deg,.(f). Then Ja; € Si,...,a, € S, such that

f(ala"'van)7é0'

Where deg, (f) is the largest degree of z; in f. Example of application would be to ask if graph G has a
3-regular graphs as a subgraph, e.g. if it is true that 6(G) > 10'° = G has a 3-regular subgraph? Generally
NO.

Theorem 18. Suppose 6(G) > 4,A(G) <5 and G is not 4-reqular. Then G has a 3-regular subgraph.

Proof. We will consider the following polynomials over Zs, for v € V(G) we define f, = > . 2. Now we

edv e

will take a look at such system of equations. We have this many variables: |E(G)| = M > 2|V(G)).
(Remember G is not 4-regular.) And ) total degree(f,) = 2|V(G)| < |E(G)|. This implies that we can use
the first theorem. Therefore |{a. € Z3 : e € E(G)}| such that f,(@) = 0 for all v € V(G) is divisible by
3. There exists at least one solution (since z. = 0 for e € E(G)) which means there exists another solution
{a. : e € E(G)} such that Je : a, # 0.

Now we create a subgraph H as follows. E(H) = {e € E(G) : a. # 0} and V(H) are all vertices incident
to E(H). If we look at vertex v then f,(@) =3 a?=3% a? which is equivalent to degy (v) mod 3.

esqgv e eSHV €

Also f, = 0. So every vertex has a degree 3. O

18.2 List coloring polynomial

Now we will use polynomials for coloring, but not the usual one we may find. We will be talking about a
coloring which is obtained by choosing one color from a list assigned to each vertex. Then it must have the
same property as a normal coloring. This is called list coloring. When all vertices have the same size lists k,
than it can be also called that it is k-choosable.

Definition 31. List chromatic number x;(G) = smallest k : G can be colored from any assignment of list of
size > k.
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We will be trying to obtain the result that every bipartite plane graph is 3 list colorable. But before we do
so we will build another theory. Also it is possible to create such bipartite graphs that the x;(G) is arbitrarily

large. For a graph G we define 8 as an arbitrary orientation of G. And also we will define a polynomial:

Pz(x1,...,20) = H i — T
(”mvj)EE(a)

To get a better understanding lets see a simple example of a graph GG which can be seen on a picture [18.1
Here the polynomial would be Pz = (v9 —21) (3 — 22)(T1 — T3) = T1X2W3 — ToT3 — X173 + 2573 — ¥3T3 + 1173 +

.T%J)g — X1X2T3.

F

Figure 18.1: Example for a polynomial for a graph 8

Now if we take V(G) = {v1,...,v,} which map each one of them v; — ;. Then for an assignment ¢ as for
each i v; — ¢; we know that G has a proper coloring iff P@(?) # 0. That is if S1,...,S, are lists of allowed
colors for vy, ..., v, then G is colorable from Si,...,S, iff (3¢; € S1,...,¢, € Sn)Pa(cl, ...y¢n) # 0. To prove
this we could use the same theorem, but we will need a stronger version.

Theorem 19 (Combinatorial Nullstellensatz 2nd version). Let f be a polynomial in x1, ..., x, and S1,...,S, C
R. If (3dy,...,d,) total degree (f) < dy + -+ +d, and [z ...x%]f # 0 and (Vi)|S;| > d;. Then 3¢; €
S1yevesCn €8y fler, ... en) #0.

But why does it hold? We can assume |S;| = d; + 1. For the values S; = {a1,...,aq4,+1} (as colors). We
know that if x; € S then (x; — a1)(x; — a2) -+ (; — ag;+1) = 0. Then mf’“ — (a1 + -+ ad+1)xfi 4 ... where
we denote by, = (a1 + -+ - + aq+1) so that leads to:

xfﬁl _ bdlx? + -4+ bz + bg

Now we may take a polynomial f from the 2nd theorem. The polynomial f’ has the same values on Sy, ..., S,
but deg,, (f') < d;. So now the condition (Vi)|.S;| > deg, (f’) holds. Only thing is to see that f’ # 0.
We have already shown this theorem.

Theorem 20. If [m‘fl co.xdn )P #£0, dy + -+ d,, = total degree of P, Si,...,Sn, (Vi)|S;| > d; then = (31 €
S1,..yCn € Sp)P(c1,...cn) #0.

Observation. Pz (c1y...yen) #0 &S c1,..., ¢y is a proper coloring of G.

By combining these two results we may get a following corollary.
Corollary. If [z .. .xfﬂ}Pg # 0 and L is a list assignment such that (Vi)|L(v;)| > d then G is L-colorable.

Now we will see other variants of this polynomial and how it can be computed in other ways. Here we see

an example on picture m First we may see the original graph and its orientation 8 on picture Then
one monomial in a corresponding polynomial is a choice of one £x; in the bracket. This choice induces a new

orientation G which both can be seen on picture [18.2bl Thus the polynomial can be computed as follows:

degZ, (vi)

# of different direction in 5 from 8 G
(1) T

e i
G orientation of G

Thus altogether we get this result:

[l.tlil m;b o xfriLn]Pa _ Z (_1)# of different direction in G from &

5 orientation of G:deg_, (v;)=d;V4
G

When we show another example where we have a vertex with in degree 3. See picture[18.3] For the indegree
to be same it must be that for all changed edge to the vertex there must be some changed edge out of the
vertex.
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(a) The original graph . (b) The choice and new orientation G.

Figure 18.2: Example for computing polynomial by orientation, the original graph 8

Figure 18.3: Example for Eulerian subgraph orientations.

Observation. If@ and 5 are orientations with the same indegrees, the ﬁ subgraph ofa with edges oriented
differently, then Yv € V deg% (v) = deg%} (v) or in other words: H is Eulerian subgraph of G'.

Lemma 94. Suppose 8 is an orientation of G such that Vi d; = deg™ (v;) in 8 Then

il 2Py = 3 (/@)

ﬁ Eulerian subgraph of 8

which is also equivalent to the number of Eulerian paths of 8 with even number of edges minus
number of Eulerian paths of G with odd number of edges.

Corollary. Suppose @ is an orientation of G where (Vi)deg™ (v;) = d;. Let L be a list assignment for G s.t.

(V3)|L(v;)| > d;. If @ has different number of Eulerian subgraphs with even and odd number of edges then it
is L-colorable.

Lets see this result on an example on pictures Where the sizes of lists are written in the nodes. We
may see there are visualized two Eulerian paths with 3 edges and 4 edges. Also there is an empty Eulerian
subgraph. Altogether we have two even subgraphs and one odd, so that means there exists L-coloring. But this
theory only show the existence, not the construction.

Now lets take G a bipartite graph. We may see an observation that every Eulerian subgraph is edge-disjoint
union of cycles. Therefore if G is bipertite, then it has even number of edges in all Eulerian subgraphs.

Corollary. If G is bipartite, 5 has indegrees dy, ..., d, then G is L-colorable for every list assignments L s.t.
(V’L)|L(’U7,)| > d;.

Observation. FEvery planar bipartite graph has an orientation with mazximal indegree < 2 therefore it has list
chromatic number at most 3.
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(a) The original graph G. (b) The orientation a. (c) Euler subgraphs.

Figure 18.4: Usage of shown corollary for a list assignment.

But it does not apply for all bipartite graphs since it is possible to create such bipartite graph such that x;
is arbitrarily large.
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Chapter 19

VC - dimension

VC stands for the names Varnik—Cherrorenkis. We will be considering a set systems F. And then for a set X
we denote X N F as {XNA:Ae F}.

19.1 Set systems

Definition 32. F breaks X if X N F = 2X.

Lets see for ourselves an example, which is on picture For F we have all half planes in R?. Then the
set X = {a,b,c}. Then if we draw all lines and choose both planes it will generate

XNnF={0,{a}, |b},{c},{a,b},{b,c}, J{a,b,c}}

which are all subsets of X. Hence it breaks the X.

©

© ®

Figure 19.1: Example of F and set X which is broken.

Definition 33. We say that VC — dim(F) is max{|X| : F breaks X}.

In our previous example we see that VC —dim(F) is at least 3. But we may see that it is exactly 3. Because
if we take 4 points they are either all in convex hull thus it is impossible to take the opposite points or one
point is in the convex hull of other three of them, for which it is impossible to take only the points forming the
convex hull except the middle one. Other example can be F as all intervals in R for which the VC' — dim(F) is
2.

All these examples are geometrical ones. Lets see some for graph theory. Lets have G graph s.t. K,, £; G.
Then F = {Ng[v] : v € V(G)}. Where the closed neighborhood is defined as Ng[v] = {v} U {u | {u,v} €
E(G)}. We may see that VC — dim(F) < n — 1. For contradiction X C V and |X| = n. For every 2-element
subset there is a vertex adjacent to them, this would give me a K,, as a topological subgraph.

19.2 Subsystems

Now we will be considering sub-systems. That is F C 2¥ for some Y. There will be defined a measurement
on Y. As an example can be the half-planes but only inside the square of size 1.
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Definition 34. N CY is an e-net if

VAeF):p(A) > en(Y)=NNA#D

For an example consider F = {axis aligned rectangles in Y’} and p be the area of the rectangle. Then the
e-net must hit all rectangles. We can easily create a grid of points which are € apart. This will create 6% points
in net.

Theorem 21. There 3c s.t. if F € 2Y has VC — dim(F) < k then
k k
(Ve>0) c¢-—-log ()
€ €

independently at random chosen elements of Y form an e-net with probability > 1/2. This is all with the

probability for ACY Prlpe A] = %.
Definition 35. 7(F) =min (|Z|: (VA € F)ZN A #0).

As an example we may see that for F closed neighborhood in G the 7(F) is for the minimal size of dominating

set in the given graph G. Also we have shown that if K £, G = VC — dim(F) <k — 1.

Now we will introduce an integer program that will be able to solve this problem. Note that we will assume
that F and Y are finite. Otherwise it would not make any sense.

mianv
YoeY: =z, {01}
VF € F: sz21

vEF

This problem will output such X = {z, |v €Y :z, =1} and | X| = 7(F). We can use this to create an LP
relaxation.

mianv
YvoeY: z,>0
VEF € F: sz21

vEF

We will denote this fraction optimum as 7*(F). Easily seen it is < 7(F). And it is also solvable in polynomial
time, due to the properties of linear programs. Now consider F which has VC — dim(F) < k. We then have
z, : v € Y from the optimal solution of LP. Lets put the measurement for all A CY : u(A) = > ., 2,. By
the given solution we have that F € F : u(F) > 1. Also u(Y) = 7*(F). Let N be an e-net for e = 1/7*(F).
That is because NN F # 0 for all F € F s.t. pu(F) > eu(Y) = 1. Therefore

7(F) < N[ = O(kr™(F) log(kT"(F)))
so it is (klog(k7*(F)))-approximation.
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Chapter 20
Edge disjoint spanning trees

We will be trying to take a look at a problem of finding many edge disjoint spanning trees like on picture [20.1
Note that this may be used in a technical problems like packet routing in a computer network. Since it can be
done by finding a spanning tree and then path between two vertices is uniquely determined. But what if some
edge breaks and it is not operating. Then you may choose another spanning tree.

®
Figure 20.1: Example of two pairwise edge-disjoint spanning trees.
The terminology will be for a graph G = (V, E'). And the question is: Does G have k pairwise edge-disjoint

spanning trees? Easily observable then if it happens than the graph G is k-edge-connected. But does the other
implication work? Well as it can be shown on picture no. But there is someway similiar result.

Figure 20.2: Simple cycle for a counterexample. It is 2-edge-connected, but only 1 pairwise edge-disjoint
spanning tree can be found. There is an example of a edge-cut and a spanning tree.

Theorem 22. If G is 2k-edge-connected then G has k pairwise edge-disjoint spanning trees.

This is similiar with what we have said before, only it is multiplied by 2. We will prove this by another
theorem, which will be shown later on.

20.1 Necessary condition

Let G be a graph with k spanning trees. Then denote P as any division of vertices V(G). That is Upep P =
V(G) and for two sets P # @ € P it holds that PNQ = (). Then we will contract these sets into one vertex and
then for every spanning tree there must remain |P| — 1 number of edges. So lets denote e(P) as the number of
edges of G with ends in different parts of P.

Now to observe that if G has k pairwise edge-disjoint spanning trees then for every P partition of V(G) it
holds that e(P) > k(|P| — 1). This may be easily seen, but what about the second implication. There exists a
Nash-Williams theorem which states exactly that. And we will be showing that.
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Observation. If G is 2k-edge-connected graph and then G /P is also 2k-edge-connected then the minimal degree
d(G/P) > 2k which implies that

e(P) = |E(G/P)| = 5 - |P|- 2k = k- [P| > k(|P| - 1)

N | =

Where notation G/P is for contracting the partitions. Also we may see that this proves the former theorem.
Now we will state and prove the theorem.

Theorem 23. (VP : partition of V(G)) e(P) > k(|P|—1) then there is k pairwise edge-disjoint spanning trees.

20.2 Jungle and forests

Definition 36. Spanning forest is a set of edges that cover all vertices and is a forest.

Definition 37. Jungle is a set of k pairwise edge-disjoint spanning forests.

Definition 38. For two jungles J,J in a graph G and a subgraph A C G we define a relation J =, J' if
1. (Vi) E(F;)\ E(A) = E(F))\ E(A) and

2. components of F; N A must be the same as in F N A.

D

Figure 20.3: Example of two jungles, where first J and J' are J =24 J' for vertices in A.

Definition 39. For a graph G, subgraph A C G and a jungle J. A is J-free if (Ve € E(A)) there exists a jungle
J' 24 J such that e ¢ E(UJ').

Proof of theorem. Lets take a jungle J = (F1, Fy, ..., F}) in G with |E(|J J)| largest possible. Before we continue
we state a lemma.

Lemma 95. 3H C G connected such that |V(H)| > 2 and (Vi)H N F; is connected (where F; is taken from
Jungle J ).

Proof of lemma. We will take A C G and two jungles J = (Fi,...,Fy),J' = (F],...,F}) in G. Let us choose
H C G connected which is J-free and maximal. We take P that |P| = |V(G)| and e(P) > k(|P| — 1) and
|E(G)| > k(|V(G)| —1). If E(UJ) = E(G) then J consists of k-spanning trees. And we are done.

So suppose Je, € E(G) \ E(UJ) then there exists H with only this edge. Now suppose there is some F;
which is not connected in H. Which means there is some edge e disconnecting these graphs. Now we have two
options.

(a) e joins different components of F; because H is J-free J' 2y J, e ¢ E(|JJ') we create J' + e and then we
are getting a larger jungle which is a contradiction.
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(b) There exists path P in F; joining ends of e. Therefore H U P is J-free. Simple we delete one edge from the
outer path and add e which is also a contradiction.

O

We can now continue by induction on the number of vertices |V(G)|. Lets take such H from the lemma and
G/V(H). By the induction hypothesis G/V (H) has k pairwise edge-disjoint spanning trees 17,75, ..., . Lets
take T/ := T; with H replaced is a spanning tree in G by F; N H so T; for all ¢ € [k] are k pairwise edge-disjoint
spanning trees.

O
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Chapter 21
Regularity of graphs

As one can already met the random graphs which are denoted as G = (n, p) where we have n vertices and every
edge between each pair of a vertices is there with a probability p. This notation si usually used for proving
some properties that graphs tend to have for more vertices.

Example could be computing the number of triangles in the graph. To be exact we want to compute the
expected number, so E [number of triangle] = p3 (g) And also then we may use Chernoff’s bound to get that

~6(*) Ip other words the probability that the number being way

Pr [[number of triangles — p3(5)| > en®] = ¢
different is small.

In the next example and for further reading we will denote e(A, B) as the number of edges between two
subset of vertices A, B C V. In the probability case it is somewhat similiar to p - |A| - |B]. Which leads to the

fact that

Prlle(A,B) —p-|A|-|B|| > €-|A]| - |B]] < e~ ®UAIBD,
If we would take A, B such that |A|,|B| > dn then there may be < 4™ number of subsets.

Well the real graphs we may encounter do not have this nice property. So we will build a theory around
that in fact it is not that bad and can be somewhat similiar to the probability case.

21.1 Regular pairs

Definition 40. Lets denote d(A, B) = Txg‘ﬁ]g?

d(A, B) as p, because it will behave somewhat similarly as the probability.

Definition 41. For some d,¢ > 0. Let A, B C V for some graph G = (V,E). Then we say that (A, B) is
(6, €)-regular pair if following holds

or so called density of a graph. Sometimes we will denote

VA" C A:|A'| > 6|A|,VB' C B:|B'| > §|B|: |d(A'B’) — d(A, B)| <e.
Sometimes we will shorten the notation to just e-regular pair. For 6 = e.

Now we will look at how many neighbors can be for some v € A. To be exact we will denote By the neighbors
and we want to count these vertices for which |By| > §|B|. But we may see there are some degenerate vertices,
but we will show it is not that many.

Lemma 96. The number of vertices in A such that degg v > (p+€|Bo|) is at most §|A|. And also the number
of wertices in A such that degp v < (p — €|Bol) is at most §|A|. And also vice versa for B.

Proof. For contradiction denote Ay as all such vertices in A which have low number of neighbors. For the
contradiction suppose |Ag| > §|A|. This result in the following.

|d(Ao, Bo) —p| <€

_ |e(40,Bo) ‘

| [Aol|Bo|

| 2vea, degp, (v) '

a | Aol|Bol

[Ao| - (p+€[Bol) ‘
|Ao||Bo|

_ |Aol - (p+ €| Bol)

a | Aol Bo|

—p=c¢
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Which is a contradiction. O

Now we will denote g(A, B) as the number of vertices (vi,vs,vs,v4) forming a 4-cycle and v; # vz € A and
vg # vy € B. In the probability case we see that

A B
elata = (1) (1) -4~ p1aPIBE - o)
One can be confused by the 4 in there. That is because the way we defined it we count every 4-cycle four

times.

Lemma 97. For a graph G and A,B C 'V as an (A, B) e-regular pair and |A| = |B| = n we have following
inequalities.

(p* — 6e)n* — 2n® < q(A, B) < (p* + 16¢)n?

The exact constants are not that necessary, so they are picked somewhat randomly. We will prove only the
lower bound. The other one is similiar.

Proof. Lets put Ag = {v € A : deggv < (p— e)n}. Which by the lemma we get |4g| < en. Now lets take
vy € A\ Ag. Now lets consider such B,, (neighbors of v1) for which |B,,| > (p — €)n. WLOG we may assume
it is > en, otherwise the lower bound is negative. Denote A,, = {v € A:degp, v < (p—€)|By,|}. Also by the
lemma |A,,| < en. Now we choose vz € A\ A,,.

Now we may say that the number of 4-cycles is > (1 — €)n(1 — e)n((p — €)|By,|)? — 2n3. Where the first
(1 —e)n is for v; and the second for vs, we multiply it by the choices from B and subtract all wrong choices
(choosing the same vertex more than once). Now this can be calculated.

number of 4-cycles = (1 — ¢)?(p — €)*n* — 2n3
> (1—2¢)(p* — 4e)n* — 203
> (p* — 6e)n* — 2n®
O

Now we will try to use this even more for computing the number of triangles from A, B, C' which are all
e-regular pairs. Also denote the number as (A, B, C) then the densities will be denoted as pag, ppc,pac. Also
we are interested only in those triangles vy, vq,v3 where v1 € A, v9 € B,v3 € C. In the random graph it would
be papecpacn®. But we will show it is also similiar with regular pairs.

Lemma 98. For e-regular pairs (A, B), (B,C), (A, C) which are the same size |A| = |B| = |C| = n where the
densities d(X,Y') are denoted by pxy (as before). The following bounds hold.

pappaepacn’ — 10en® < (A, B,C) < papppcpacn’ + 10en’
Proof. Now we will show us the upper bound. Lets consider these sets:
A ={veA:deggv > (pap +e)n} [A1] <en
Ay ={ve A:degov > (pac +€)n} |As] <en
Now we consider three separate cases for which set is used for the v; € A.
(i) v1 € A; then €|A;|n? < en3.
(ii) vy € Ay similarly €|Aa|n? < en3.

(iii) Last case is if v € A\ (A1 U Az). We denote as B,, and C,, the neighbors of v1 in B and C respectively.
By the definition |B,,| < (pap + €)n and |Cy, | < (pac + €)n. Therefore altogether e(B,,,C,,) < (ppc +
€) - |Bu,| - |Cuv, | < (paBPBCPAC + T€)n?. So we may have at most en? choices for B,, and C,,.

If we sum it all then the t(A, B,C) < 2en® + n(en? + en? + (p + Te)n?) = (p + 9e)n>. O

Now with all of that we would like to see if we are able to partition the vertices of graph G into such sets
which are e-regular. At least we would like to try bounding the number of partitions for some m and larger M,
which will be bounded to e. Well we may see that it won’t work this way, like for the graph known as Half
graph which is shown in the picture [21.1
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Figure 21.1: Counterexample of a graph G as a half graph with 18 vertices.

21.2 Regular partition

Definition 42. We will denote e-reqular partition of graph G with n = |V(G)| such disjoint parts P =
{A1,As, ..., A} of V(G) for which all properties are satisfied.

1 |Ay] = |Ag| =+ = [Aml],

2. |Ag| < en and

3. for1<i<j<m, (Ai,Aj) are e-reqular with at most < em? exceptions.
Also m is the order of partition P.

Theorem 24 (Szemerédi, Regularity lemma (RL)). Ve > 0,Vmg > 1 there exists M such that VG : [V (G)| > myg
there exists e-reqular partitioning of G Ag, ..., Am that mg < m < M.

This theorem may actually be useful in some other theoretical results but as we will show us later on the
number M is approximately

22" 1
2 where there is - number of twos.
€

21.3 Applications
Lemma 99 (Removal lemma for triangle). (Vo > 0) (3ng, 8 > 0) (VG : |V(G)| =n > ng) then either

e G contains fn? triangles, or
e (3X CE(G):|X| < an?) and G — X is triangle free.

This application and many others may be used for huge graphs that typically cannot fit into RAM or even
is way to large to have the date (like a friendship graph for the whole world). Thus we use only sampling for
some portion of the data and then we can be somewhat certain of the correctness.

Proof. Firstly we will transform « into € and mg (which will be mg = 1/¢). Then we will use regularity lemma
to obtain M and lastly transform this into ng and 8 where ng = my.
Given graph G we use RL which gives us e-regular partition Vj, ..., V,, for mg < m < M. Now lets denote

X7 = all edges incident to vertices in Vj

Xy = U E(G[Vi]) (all edges connected in one part)
i€l,....m

X3 = edges between V; and Vj, where (V;,V}) is not € — regular

X4 = edges between V; and Vj, where d(V;,V;) <p

X=X1UX2UX3UX4

Now lets compute the sizes of all sets.
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[X1| < Vol -n < en?
2
Xal <m (2) <
m

2
| Xs5| < em? (2) < en?
m

no

n
X <m?op () =pn?
|X| < (p+3e)n2

And we want (p + 3€)n? to be at most an®. Thus (p + 3¢) to be at most a. We will consider few cases.

(a) G — X is triangle-free, therefore we are done.

(b) G — X contains a triangle. None of the vertices are from Vp. All vertices are from different parts and also
all of these parts are e-regular with density > p. This all comes from the definition of X. And now we
may use the triangle lemma stated before. Hence the number of triangles in G is > (p* — 10€)t3 for t as a
number of vertices in those parts.

n — Vo S (1—6)n> (I-¢€)n

t:
m - m - M

So the number of triangles is

1—¢€\® .
> (p® — 10¢) (M) n®

Therefore 3 = (p® — 10¢) (11\_[)3. Because 3 has to be positive so p > v/10e so we put p = v/11le. We need
to choose € so that v/11e 4+ 3¢ = p + 3¢ < a.

O

Lemma 100. Let H be a graph with x(G) =k and (Vp > 0) (3¢ > 0,n1) such that if in G there are disjoint
sets Vi,...,Vy s.t.

1. |V1|="-=|Vk|=n
2.V1<i<j<k (V;,Vj) is an e-regular and d(V;,V;) > p
then H C G.

Proof. Actually this proof is fairly similiar to the one before. We may divide the vertices to sets with the same
color. Then we fix some vertices in G for a color in the same part. After that we must choose huge subsets of
other parts and fix other vertices from these. Because they are e-regular such subsets exists. Further proof is
left as an exercise. O

Theorem 25 (Tardn). For a graph G which has |V (G)| = n and |E(G)| > (1 - ﬁ) "72 then Ki, C G.

This won’t be proven since it is more of a reminder. Also note that this is tight since we can create a graph
with this many vertices and edges which does not contain Kj. That is the Turan’s graph. Now we can ask
ourselves a question. If we have a graph H what is the maximum number of edges of an n-vertex graph that
does not contain H as a subgraph. This is typical problem for extremal theory, so we can denote this number
as a function fgy(n).

Theorem 26 (Erdos-Stone). Suppose k = x(H) > 2 then (V8 > 0) (Ing) if |V(G)| =n > ng and |E(G)| >
(l—ﬁ—l—ﬁ) ”72, then H C G.

n
2

not actually work that well for bipartite graphs, because the content in the parentheses goes to 0. So it gives
only rough estimate.

This theorem actually somewhat answers our question. Because lim,,_, L ’( (;l) =1- ﬁ But this does
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Proof. Similarly as before we will from 3 get to p = /8 and by the use of lemma for subgraph H we get
0 < e < pand n;. Lets put mg = 1/e and use RL to get M and then ny = max (mo7 #_67”)
For given graph G create partition Vy,Vy,...,V,, for mg < m < M by the RL. We define X7, X5, X3, X4

and X as before. So
|X| < (p+3e)n?® < dpn® = §n2
Therefore we may compute the size of edges as:

n? 1 n? n? 1 2
BG-X)|> B@ -85 > (1- L +6) 5 -5 > (1-

pair of density > p iff G — X has an edge between V; and V.

1 n? n\2
1= ) & < IB(G - X)| < |E(F)| (=)
(1-527) 5 <1B@ - 201 < B (2
Hence altogether |E(F)| > (1 - ﬁ) %2 and by Tardn Ky C F and therefore k parts are e-regular.Each

part has T'(lT_F) > % > n1 so by the lemma mentioned before we get that H C G. O

21.3.1 Arithmetic Ramsey theory

Firstly we will show a theorem that one could already encounter.

Theorem 27 (Van der Warden). (Vc¢)(VI)V coloring ¢ : N — {1,...,c} there exists k € {1,...,c},a,d > 0 such
that p(a) = pla+d)=---=p(a+d(l—1)).

This is called a arithmetic progression or AP for short. Now the question may be if we could somewhat
limit it and not use all numbers from N. In particular if it is true that (Ve > 1)(VI1)(INo)(VN > No)(VB C
{1,...,N}:|B| > ¥)(3a,d > 0) such that a,a+d,...,a+d(l— 1) € B.

Actually Réth showed that it is indeed true for [ = 3 and later on also Szemerédi showed that it holds for
arbitrary [. Now we will show us the Réth theorem.

Definition 43. Given A C {1,...,N}? the corner in A is a triplet (z,y), (x +d,y), (z,y +d) € A for d # 0.

Lemma 101 (Corner lemma). (V6 > 0)(INy)(VN > Np)(VA C {1,...,N}?) if |A] > SN2, then A contains a
corner.

Proof. That is we obtain 0 and by setting @ = §/40 we may use the triangle removal lemma and get ng, 5.
After that we would get our Ny. (This will be Ny = max{ %, % )
Firstly we will create 3-partite graph. Three parts will be XY and Z. Now we define when there are edges.

e € X,y €Y forms an edge zy if (z,y) € A,
e x € X,z € Z forms an edge zz if (x,z —x) € A and

e 2€ Z,y€Y forms an edge zy if (z —y,y) € A.

One can already see that the triangles in this graph corresponds to corners. That is for a triplet (x,y), (z,y+
d),(x +d,y) € A then z,y,z = x + y + d forms a triangle. And the other way we have zyz triangle. Then
(z,y),(z,y+d),(z+d,y) € Aford=z—x—y.

Now we can observe that V(z,y) € A, x,y,x + y is also a triangle and we will call these the bad triangles.
We may see that 6 N? < the number of bad triangles = |A| < N2. Now we have two cases by the removing
triangles lemma.

1. Either there is > 3(6N)? triangles and we need to show that this is > N? > bad triangles. So 216N > 1
that is for the choice of Ny previously mentioned.

2. Or there 3X € E : X < a(6N)? intersecting all triangles. X = Z—géN2, but we may see because of the
estimate on the number of bad triangles and also by the observation that bad triangles are edge-disjoint
that X is not possible.

O
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Theorem 28 (Réth). (Ve > 1)(3Ng)(VN > No)(VB C {1,...,N}) if |B| > & then B contains 3-AP.

Proof. The scheme is: we obtain ¢ and create § with which we use the corner lemma and get N7 and create Ny
from it.
Let A= {(z,y):y— xEB} andxye{l .,2N}. Sofor k € B thereis (1, k+1),(2,k+2),...,(N,k+N).

|A|=N-|B| > N2 (QN) so we put 57 7o and Ng = N;. By the corner lemma 3z,y,d # 0 s.t. (2,y), (z,y +
d),(z+d,y) € A. Now 1t means that y — x 6 B,y—x—d € B and y—z+d € B which forms the 3-arithmetic
progression. O

Now for arbitrary [ we could rewrite corner lemma for / — 1 dimension case then use hypergraphs with { — 1
tuples and so on. But the thing is that this is not that easy, since the regularity lemma wouldn’t be enough.
Everything would have to be redefined and proved again.

Now we will show that 3B C {0,.. —1} and |B| > mm without 3-AP. Firstly we will put S C Z"

without 3-AP. We will set d = 271 and N = (2d)" so actually S C {0,...,d—1}" then let Sy = {(z1,...,2,) €
{0,...,d —1}", 2% +--- + 22 = k} which is a sphere. This does not contain 3-AP. Because if we intersect two
points on the Sphere then the line does not intersect any other point. We will use this for 0 < kleg(d — 1)?n and

also 3k : |Sk| > m > j; - # and lets fix such k. Now we ap (z1,...,2,) to the f = Y7 | z;(2d)" 1.

(Or in other words the number in base 2d.) Let B = f(S;). And also 0 < f < (2d)" —1 = N +1. f is injective
and |B| is large enough. If we sum two digits then there will be no carries because we used base 2d. If there
would be 3-AP then f(x)+ f(y) = 2f(z) but f(z)+ f(y) = f(x+y) and 2f(z) = f(2z). And 24y = 2z would
mean there was 3-AP in S}, which is a contradiction.

21.4 Proof of regularity lemma

To make the proof easier we will slightly change the definition of e-regular partition. So that it will be P =
{A1,..., Apm, A1, - -, Ayt } where we have replaced Ay by singleton parts. So t < en and |Vyppq| = - =
|Vm+t|'

The overall sketch of the proof is that we will create a partition Py and then step by step we will replace
the partition by Pi,...,Pr where Py will be e-regular. We will also introduce a ”quality” function gq.

1. In each iteration, the order of the partition increases at most exponentially.
2. (Vi)g(P;) > q(Pi—1) + 2.

Therefore k < % and ahence M = exp(exp(...exp(mg))) which is iterated k times. That is all to the outline
of the proof.

Definition 44. The quality function q : partition of V(G) — [0,n?] is defined firstly by q : A, B — [0,n?] for
A, B C V(QG) disjoint subsets.

e?(A, B)

9(A, B) = |A| - |B| - d*(A,B) = T4[-1B|

Then for partition P = {V1,...,V,} is defined as

«P) = S V).
1<i<j<p

Firstly we will show us that if we subdivide the parts or refine them the quality can only rise.

Lemma 102. If A= {A,..., A} is a partition of A and B={B,...,B;} is a partition of B. Then

> a(Ai, By) > q(A, B).

i=1 j=1

Proof. For the proof we will use Cauchy-Schwarz inequality, That is (3, u?) (3, v?) > |3, uivi|. Lets define
u and v and then sum it.

73


https://en.wikipedia.org/wiki/Cauchy%E2%80%93Schwarz_inequality

uij = /1Al - |B;|d(Ai, Bj)

vij =/ |Ail - | Bj]
> ud =" |A| - |B;jld*(A;, B;) Zq A;, Bj)
i

17.7
S0 = S A B = (zmi) (zm) AT
i, @] i 4

Zuz‘j%‘ = |Ai| - |B;|d(A;, Bj) = Ze(AmBj) =e(4, B)
0.
So witch Cauchy Schwarz inequality we get.
S a4 ByIAl- [B] > e(A,B?
0.
> a(A;, By) > |(1L|1 ﬁ% q(A, B)

%

Lemma 103. If P’ is a refinement of P then q(P’) > q(P).

Proof. Let P = {V4,...,V,,} then subdivision of each part is P’ = V;UW,U...UV,,. To be precise V; is a
partition of V;.

«P)z 3. Y D aPQ)
1<i<j<m PEV; QEV;

> Z q(V;, V) (by the lemma)

1<i<j<m
=q(P)
O

Lemma 104. Suppose (A, B) is not e-reqular. This means that 3A1 C A, By C B : |A1| > €|A|,|B1| > ¢€|B]
such that |d(Ay, B1) — d(A, B)| > e. Lets denote Ay = A\ Ay, Bo = B\ By then

2
Z szB >q(A7B)+€4‘A||B|

Proof. Firstly some simplification for v € A;,v € B; d(u,v) = d(A;, Bj) also d = d(A, B) and d(u,v) =
d(u,v) — d. Now we will show us that the sum of deltas is zero.

2 2
d-|Al-|B| Z (Ai,Bj) = Y d(Ai, B))|Aq] - | By
j=1 i,j=1

Z =20 dwv)

u€AveEB

w)+d=d- A B[+ s(u,v)

u€EAvEB

TEe
ZZé(u,v =0

u€EAvEB

With that and similiar process we will prove the lemma.
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2 2
Z q(Ai, By) = Z | 4] - |Bi| - d*(Ay, By)

i,5=1 i,7=1

303 prate

i,j=1u€A; vEB;

= Z Z d?(u,v)

uceAveEB

= Z Z(d—F 5(u,v))?

uc€eAveEB

=) (d® +2d5(u,v) + 6% (u, v))

u€EAveEB

=|A[-|B]-d*+2d > Suv)+ > *(u0)

ucAveB u€AveB

>q(A,B)+0+ > &(u)

u€A;,vEBy

Now because |d(Ay, B1) — d(A, B)| > € and §%(u,v) > €2 we get that

2
> alAi, B)) > q(A, B) + €| Al - | B
i,j=1
> q(A, B) +¢'|A] - |B]
O
Now suppose P = {Vi,..., Vs, Viy1,..., Vsqre} where Vsiq, ..., Vi are singletons. Suppose it is not e-regular
and N = |V3| =--- = |V;| and also t < en. So lets denote X = {(4,7) : i < j < s,(V;,V;) is not e-regular}. It

means that |X| > es?. Look at (i, ) if it is not e-regular than we can use the very last lemma and get four
parts which we will denote V;;1, Vijo and Vj;1, Vjia. We get that Zi,b:l q4(Vija, Viin) > q(Vi, V;) + €*N2. This
will be for all pairs. These partitions will be denoted as P;;.

Altogether we will create new partitions by these refinements and putting it together with P. So formally
P’ will ve common subdivision of P and P;; for (i,7) € X.

Now the number of non-singleton parts in P’ is at most s2° since we split up to s parts and each one 2°
times (doubling every time). Now we can compute the following.

GOEIED > > aPQ)
1<i<j<s+t P subpart of V; Q subpart of V;

Now the part »" subpart of Vi ZQ subpart of V; q(P, Q) is either > ¢(V;,V;) by the first lemma or if (,5) € X
then > ¢(V;,V;) + €*N? by the first and last lemma. Therefore we may continue in the computation.

qP)= > > >, aPQ

1<i<j<s+t P subpart of V; Q subpart of Vj

> > qVi, V) +|X[e'N?

Which is the increase of quality we were aiming for. Therefore we will repeat this process. But we are not
guaranteed to have same-sized parts. Thus we transform P’ and we will try to round it to N’ = [%W We will
greedily split those parts to obtain N’ parts. All the leftovers will proceed to be as a singletons. Hence we
obtain P”.

o Non-singleton parts have size N'.

.« q(P") = q(P) = q(P) + <22

(0]



e Number of non-singleton parts is at most JévTi = 545,

o Number of new singleton parts is at most $2°(N' — 1) < 525% = s% < % for large s it is small.

o Number of non-singleton parts is at least Sp/2.

Lastly we need to set up the parameters.

e o [, 5]
= e | 2o | S fs0))) - (repented [1/6] tmes)

Lastly it is necessary to show that it actually works and that there is not too many of singletons. The exact
details are omitted.
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